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Abstract. We propose a new boosting algorithm which similarly to v-
Support-Vector Classification allows for the possibility of a pre-specified
fraction v of points to lie in the margin area or even on the wrong side of
the decision boundary. It gives a nicely interpretable way of controlling
the trade-off between minimizing training error and capacity. Further-
more, it can act as a filter for finding and selecting informative patterns
from a database.

1 Introduction

Boosting and related Ensemble learning methods have been recently used with
great success in applications such as Optical Character Recognition [2,3,11]. The
idea of a large (minimum) margin explains the good generalization performance
of AdaBoost in the low noise regime. However, AdaBoost performs worse than
other learning machines on noisy tasks [6, 7], such as the iris and the breast cancer
benchmark data sets [5]. The present paper addresses the overfitting problem of
AdaBoost in two ways. Primarily, it makes an algorithmic contribution to the
problem of constructing regularized boosting algorithms. Secondly, it allows the
user to roughly specify a hyper-parameter that controls the tradeoff between
training error and capacity. This, in turn, is also appealing from a theoretical
point of view, since it involves a parameter which controls a quantity that plays
a crucial role in the generalization error bounds.

2 Boosting and the Linear Programming Solution

In this section, we briefly discuss the properties of the solution generated by
standard AdaBoost and closely related Arc-GV[1], and discuss the relation to
a linear programming (LP) solution over the class of base hypotheses G. Let
{9¢(x) : t = 1,...,T} be a sequence of hypotheses and & = [y ...ar] their
weights satisfying a; > 0. The hypotheses g; are elements of a hypotheses class
G = {g: x— {£1}}, which is defined by a base learning algorithm L.

The ensemble generates the label which is the weighted majority of the votes
by sign(f(x)) where f(x) =3, o 9t (x). In order to express that f and there-
fore also the margin p depend on o and for the ease of notation we define
p(z,a) = yf(x), where z = (x,y). Likewise we use the normalized margin

* This paper is a short version of [8].



pla) = minj<j<m p(2;, ) . The minimization objective function of AdaBoost
can be expressed in terms of margins G(a) := Y7, exp(—||a|l1p(z;, @)). In ev-
ery iteration AdaBoost tries to minimize this error by a stepwise maximization
of the margin. It is believed (but not proven) that AdaBoost asymptotically
approximates (up to scaling) the solution of the following linear programming
problem over the complete hypothesis set G

maximize p
subject to p(z;,a) > pforalll1 <i<m (1)
o, p>0forall 1<t <|G|
lafly =1

Breiman [1] proposed a modification of AdaBoost, Arc-GV, making it possible to
show the asymptotic convergence of p(at) to the global solution: lim;_,, p(at) =
p'P, where p'P is the maximum possible margin for a combined classifier from G.

3 wv-Arc

Let us consider the case where we are given a (finite) set G = {g : x — [-1,1]}
of T hypotheses. To find the coefficients a for the combined hypothesis f(x)
we extend the LP-AdaBoost algorithm [4, 7] and solve the following linear opti-
mization problem, similar in spirit to [10]:

.. 1 m

maximize p— -3 .0 &

subject to p(z;,a) > p—¢& forall1<i<m 2)
i ,ap,p>0foralll<t<Tand1<i<m
el =1.

This algorithm does not force all margins to be beyond zero and we get a soft
margin classification with a regularization constant ﬁ Interestingly, it can be
shown that v is asymptotically proportional to the fraction of patterns in the
margin area [8].

Suppose, we have a very large base hypothesis class G. Then it is very difficult
to solve (2) as (1) directly. To this end, we propose an algorithm, v-Arc, that
can approximate the solution of (2). The optimal p for fixed margins p(z;, @) in
(2) can be written as

pv() := argmax (p - % Z(p - p(zi, a))+> ) 3)

p€[0,1] i=1

where (£§)4 = max(¢,0). Setting & = (p,(a) — p(zi,@))+ and subtracting
ﬁ >, & from the resulting inequality on both sides, yields (for all 1 < i < m)

p(2i, @) + & > pu(a) (4)
1 & 1 &
p(zi,a)+§i—%;§izpy(a)—%;&. (5)

In particular we have to get rid of the slack variables &; again by absorbing them
into quantities similar to p(z;, @) and p(a). This works as follows: on the right



hand side of (5) we have the objective function (cf. (2)) and on the left hand
side a term that depends nonlinearly on . Defining
I 1 «
ﬁu(a) = pu(a) - Zgu ﬁl/(zi)a) = p(ziaa) + fz - % Z&ia (6)
i=1

=1

which we substitute for p(a) and p(z, ) in (1), respectively, we obtain a new
optimization problem. Note that g, () and g, (z;, &) play the role of a corrected
or virtual margin. We obtain a non-linear min-max problem in terms of g

maximize pla)
subject to g(z;, ) > pla) for all 1 <i<m (7)
ag>0forall1<t<T
el =1,

which we refer to as v-Arc.

We can now state interesting properties for v-Arc by using Theorem 5 of [9]
that bounds the generalization error R(f) for ensemble methods. In our case
R,(f) < v by construction, thus we get the following simple reformulation of

this bound:
R(f)§u+\/£ (wﬂog(%» . (8)

2
m Py

The tradeoff in minimizing the right hand side between the first and the second
term is controlled directly by an easy interpretable regularization parameter v.

4 Experiments

We show a set of toy experiments to illustrate the general behavior of v-Arc-GV.
As base hypothesis class G we use RBF networks [7], and as data a two-class
problem generated from several 2D Gauss blobs. We obtain the following results:
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Fig. 1. Toy experiment: the left shows the average fraction of important patterns, the
average fraction of margin errors and the average training error for different values
of the regularization constant v for v-Arc. The bottom plots show the corresponding
generalization error. The parameter v allows us to reduce the test errors to values
about 20% (relatively) lower than for the hard margin algorithm (for » = 0 we recover
Arc-GV/AdaBoost and for v =1 we get Bagging.)



— v-Arc leads to approximately vm patterns that are effectively used in the
training of the base learner: Figure 1 (left) shows the fraction of patterns
that have high average weights during the learning process.

— v-Arc leads to the fraction v of margin errors (cf. dashed line in Figure 1)
exactly.

— The (estimated) test error, averaged over 10 training sets, exhibits a rather
flat minimum in v (Figure 1 (right)).

5 Conclusion

We analyzed the AdaBoost algorithm and found that Arc-GV and AdaBoost
are suitable for approximating the solution of non-linear min-max problems over
huge hypothesis classes. We introduced a new regularization constant v that
controls the fraction of patterns inside the margin area. The new parameter is
highly intuitive and has to be tuned only within a fixed interval [0, 1].

We found empirically that the generalization performance in v-Arc is robust
against changes around the optimal choice of the regularization parameter v.
This finding makes model selection (e.g. via cross-validation) much easier.

As the patterns in the margin area correspond to interesting, difficult and
informative patterns, future research will focus on using Boosting and Support
Vector methods for data mining purposes.
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