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Abstract

We shav via an equivalenceof mathematicaprogramsthat a SupportVec-
tor (SV) algorithm can be translatedinto an equivalent boosting-lite algorithm
andvice versa. We exemplify this translationprocedurefor a newv algorithm—
one-clasd everaging— startingfrom the one-classSupportVectorMachines(1-
SVM). Thisis afirst steptowardsunsupervisedearningin a Boostingframework.
Building on so-calledbarriermethodsknown from thetheoryof constrainedpti-
mization,it returnsa function, written asa corvex combinationof basishypothe-
ses,thatcharacterizesvhethera giventestpointis likely to have beengenerated
from the distribution underlyingthe training data. Simulationson one-clas<las-
sificationproblemsdemonstrat¢he usefulnes®f our approach.

1 Introduction

Boostingmethodshave successfullybeenappliedto classificatiornproblems(Drucker
etal., 1993; LeCunet al., 1995; Maclin & Opitz, 1997; Schwenk& Bengio, 1997;
Bauer& Kohavi, 1999;Dietterich,1999)andmorerecentlyalsoto regressiorestima-
tion (Duffy & Helmbold,2000;Ratschetal., 2000e;Bennettetal., 2000a).Their high
accurag, easeof implementationandwide applicability hasplacedthemin the stan-
dardtoolbox of machinelearning,next to neuralnetworks andkernelbasedearning
methoddik e SupportVectorMachines(SVMs) (Vapnik,1995).

The presenpaperaimsto pointoutthe equivalencebetweerthe mathematicapro-
gramsunderlyingboth BoostingandSVMs, thusformalizinga correspondencehich
hasbeenhinted at by researcheré the boostingcommunity(e.g.in Schapireet al.,
1997). We shaw thata given hypothesissetin Boostingcorrespondso the choiceof
a particularkernelin SVMs and vice versa. We illustrate this correspondence an
interestingapplication: one-classclassificationn whereonetrainson unlabelleddata,
trying to assessvhethera testpointis likely to belongto the distribution underlying



thetraining data(cf. Schblkopfetal., 1999; Tax & Duin, 1999). This problemof un-
supervisedearningcanbethoughtof asa simplifiedversionof the problemof density
estimation. One-clasglassificationhasso far beenstudiedin the context of SVMs
(Scholkopf et al., 1999; Tax & Duin, 1999; Campbell& Bennett,2001), but not for
Boosting.

A potentialadvantagen this andotherboosting-like techniquess thatprior knowl-
edgecanbe usedfor the choiceof the basehypothese®r weaklearners.lIt is often
easierto incorporateprior knowledgeinto a weaklearnerthaninto a kernelfunction.
Specifically in the context of one-clas<lassificationit is advantageouso work with
interpretablesimplebasehypothesess.g.decisionstumpsor linear cuts,asthis letsus
extractsimpleandinterpretableulesfrom the decisionboundary(cf. Section5).

The next sectionshows the connectionbetweenBoostingand SVMs. Using this
relation,we first derive a linear programmingormulationof the one-clasgproblemin
Section3 andthendevelopaboosting-liketechniquen Sectiond, building uponresults
of (Ratschetal.,2000e}hatconnect8oostingto BarrieroptimizationtechniquesThe
experimentalSection5 shavs the validity of our approach.Finally a brief conclusion
follows.

2 SVMsand Boosting

In thenext two subsectionsve will startto review thebasicideasandthecorresponding
optimizationproblemsof SVMsandBoostingmethods.Thenwewill shav therelation
betweenboth approacheanddiscusswhy differentnormshave to be usedfor SVMs
and Boosting. Here (x1,41),--. ,(Xn,yn) € X x {=1,+1} denotesour training
sampleof size N for somesetX C R™. SeeAppendixC, for a summaryof the
notationusedin this paper

2.1 Support Vector Machines

Consideran J-dimensionafeatute spaceF whichis asubsebf R/ andis spannedy
amapping®. In asupportvector(SV) setting,ary ® correspondso a Mercerkernel
k(x,x') = (®(x) - ®(x')) implicity computingthe dot productin F. The goal of
SVMsiis to find someseparatindiyperplanedescribedy a vectorw in featurespace
F:

fw(x) = (W ®(xn)).

Findingthe hyperplanecanbe castednto a quadraticoptimizationproblem:

min 3w

subjectto  y,(w-®(x,))>1 n=1,...,N,
wherefor simplicity we have omittedthe bias/ofset. Oneselectshe hyperplanewith
minimal (VC) capacity(Vapnik,1995),whichis in this casecanbe achiezedby maxi-
mizing the mamgin. Here,themagin p = ﬁ is definedasthe minimum £, -distance
of atrainingpointto the separatindiyperplane.



More generallythe mamgin of anexample(x,,, y,,) is definedasthe ¢,-distanceof
thepatternto agivenseparatindnyperplaneA positive maigin correspondso a correct
classificatiorandthe more positive the magin the greaterthe “confidence”(Schapire
etal., 1997;Schapire& Singer 1998;Vapnik, 1995)thatthe learnedclassifieris cor
rect. Theconnectiorbetweerthe /,-margin of apatternandthetermy,, (w - ®(x,)) is
givenby

Theorem 1 (Mangasarian (1999)). Letz € R’ beanypointwhichis notontheplane
A={z|z"a=0}. Thenforp € [1, x]:

lz"a|

=|z— A 2
||a||p ||Z ||Q7 ( )

whee ||z — A||, denoteshe distancez to the plane A measued with respecto the
dualnormé,,i.e. L + 7 = 1.

Therefore maximizingthe minimal £,-distanceof the training patterngo the sep-
aratinghyperplands equialentto solvingthe following optimizationproblem(Man-
gasarian1999):

max
weF,peER

subjectto  y,(w-®(x,))>p n=1,...,N 3
Iwllp =1,

with the conditionson p andq asin the Theoremabove. For p = ¢ = 2 thisturnsout
to beequivalentto solving problem(1). In this casejt hasbeenshovn (Vapnik,1995)
thatthe solutionw canbe expressedasa linear combinationof the training patterns
usingsomepositive coeficientsA:

N
w = Z An®(x5)- (4)
n=1

It turnsoutthatalthoughthe coeficients A aresparsethis doesnot hold for theweight
vectorw in featurespace.

2.2 Boosting

Now we considerBoostingalgorithms. Here,we will in particularfocuson the Arc-
GV algorithm (Breiman, 1997). For AdaBoost(Freund& Schapire,1994) similar
connectiong€anbe made(seediscussionsn Ratschetal., 2000e).Let ‘H bea classof
basehypothese${ = {h; : ¥ - R : j =1,...,J}. In Boostingoneseeksfor a
linearcombination

fw(x) = 23'121 wjh;(x), (5)

wherew is thevectorof the hypothesisveightsto befound. Thisis doneby (i) calling
abaselearner £ thatselectsa hypothesig; in eachiterationt andthen(ii) computing



the correspondindnypothesisveightw, > 0 (cf. Freund& Schapire1994). Thebase
learner( is giventhetraining setanda setof weightsd? = [d¢, ... ,d}/], which are
updatedn eachiterationt — startingfrom a uniform distribution. £ ideally finds the
hypothesish € H thatminimizesthe weightedtraining error cf. weightedminimiza-
tion in (cf. weightedminimizationin Breiman,1997). At theendof the algorithmthe
hypothesisveightsw arenormalized suchthatthey sumto 1. For detailson how the
weightsd andw; arecomputedin AdaBoostand Arc-GV, cf. Freundand Schapire
(1994)andBreiman(1997),respectiely.

Arc-GV hasbeenshavn! asymptoticallyBreiman,1997)to find thelinearcombi-
nationthatsolvesa linearoptimizationproblem(LP) which is commonlystatedas’:

max
wERi,pER

subjectto  y, ijl wihj(xp) >p n=1,...,N (6)
Iwlls =1,

whereR, denoteghe non-nayative half-spaceof R. The solutionw of (6) hasbeen
foundto besparsei.e. veryfew basehypothesesf H arecombinedn Eq. (5) (Bennett
& Mangasarian1992; Chenetal., 1995; Bradley et al., 1998; Ratschet al., 2000c).
This numbercanbe boundedby the numberof patternsN (independentlyof the size
of H), but is usuallymuchsmaller®

2.3 Connection between Boosting and SVMs

It is acommonfolklore statementhatBoostingandSVMs are“essentiallythe same”
exceptfor the way they measurethe mamgin or the way they optimize their weight
vector: SVMs usethe /,-norm and Boostingemplgys an £;-norm. One might think
thatthis solelyinfluenceshe imposedregularization.We would lik e to make the con-
nectionmorepreciseandexplicit andwill shav thatthey usetwo uniquestrateiesto
handlehigh or eveninfinite dimensionakpacesFirst, SVMs needto usethe £>-norm
to implicitly computescalarproductsin featurespacewith the help of thekerneltrick.
No othernormcanbeexpressedn termsof scalamproducts.Boosting,in contrastper
formsthecomputatiorexplicitely in featurespace Thisis well-knownto beprohibitive
if thesolutionw is not sparseasthefeaturespacemight bevery high or eveninfinite
dimensionaldependingn the sizeof the basehypothesiset. Thereforethe £;-norm
or anothersparsenessducingregularizationfunctionale.g.(e.g. Mangasarianl1997)
is mandatoryBoostingreliesonthefactthatthereareonly afew hypothesesecessary
to expressthe solution, which Boostingtries to find during eachiteration. Basically
Boostingconsidersonly the mostsalientdimensionsn the featurespacespannedy

1This is alsobelieved to be true for AdaBoostif the problemis separablej.e. p > 0 (cf. Freund&
Schapire1996;Ratschetal., 2000e).

2Weaddedheconstraintsy > 0, oftenusedn thecontet of Boosting.If oneassumesomplementation
closenessf the hypothesiset?, thenaddingthe constraintsv > 0 doesnot changehe solution.

3Roughlyspeakingareasorfor theinducedsparseness thefactthatvectorsfarfrom thecoordinateaxes
are“larger” with respecto the £; -normthanwith respecto £,-normswith p > 1. For example,consider
the vectors(1,0) and(1/+/2,1/+/2). For thetwo norm,||(1,0)||2 = |[(1/v/2,1/+/2)|]2 = 1, but for
the£;-norm,1 = ||(1,0)|]1 < [|(1/v/2,1/v/2)|]2 = v/2. Notethatusingthe ¢; -normasregularizerthe
optimalsolutionis alwaysa vertex solution(or canbe expressedssuch)andtendsto bevery sparse.



the hypotheseandcanthereforebe very efficient. Also on thelevel of the mathemat-
ical programswe can seethe relation betweenBoostingand SVMs: (3) and (6) are

clearlysimilar for p = 1. To make this explicit, notethatary hypothesiset implies

amapping® by

d:x 0 [h(x),... ,hs(x)]", (7)
andthereforealsoa kernelk(x,x") = ijl hj(x)h;(x'). Thus,ary hypothesisset
‘H spansafeaturespaceF. Furthermorefor ary featurespaceF whichis spannedy
somemapping®, thecorrespondindrypothesiset# canbeconstructedy h; = P;®,
whereP; denoteshe projectionontothe j-th dimensionin featurespace.

3 From One-Class SYMsto One-Class-L Ps

3.1 OneClass-SVMs

Thegoalof theone-clasSVM (1-SVM) approactof (Schblkopfetal., 1999)is to find
somehyperplanew € F thatseparatethe unlabeledraining datafrom the origin at
somethresholdp, i.e. oneestimates function fy, (x) = (w - ®(x)) anddecideghata
patternx belongsto the oneclasswheneer f (x) > p. To find w andthethreshold
p, thefollowing quadratigprogramis used:

N
: 1 2 1
min sIIWlls —vp+
weF EERY peR 2wl P w n2::1 n (8)
subjectto

(WQ(XTL))Z/)_&H: TL:].,...,N.

The optimizationproblemincorporategheintuition thatwe would like to have alarge
fraction of training patternssatisfying fw (x) > p, while still having a small SV-type
regularizationterm||w/||2 (Vapnik,1995). Theparameter € (0, 1) controlsthetrade-
off; its meaningwill becomeclearerin the next section.

A differentapproach(called SupportVector Data Description— SVDD) is taken
in TaxandDuin (1999),whereoneis not seekingfor a hyperplaneput a hypersphere
which containsasmary aspossibleof thetrainingdatawhile keepingtheradiussmall.
Whenusingradial basisfunction (RBF) kernels,this hasbeenshavn to be equivalent
to thecurrentapproachSchilkopfetal., 1999).

3.2 A Linear Programming Approach

As we intendto considerhigh-dimensionafeaturespacesF, it canbe prohibitive to
have non-sparsesolutionvectorsw whenexplicitly carryingout computationsn F.
We do notwantto beforcedto take all J dimensionsnto accounto decidewhethera
new patternx belongsto the oneclassor not.

We thereforeproposeto modify the regularizationtermon the weightvectorw to
the Z;-normin featurespace,asthe ¢;-norm usedin (8) inducessparsityin w (see



discussionn Section2.2). Thuswe obtainthefollowing optimizationproblem:
1 N
min —vp+ % n
weF,£eRY,peR PTw nzzzlg
subjectto (w-®(x,))>p—&,, n=1,...,N
[wlly =1

(9)

wherewe have to fix ||w||; = 1 becausehe objectie is — contraryto (8) — linear
in ||wl|; andthe optimal solutionwould otherwisebe trivial (w = 0) or unbounded
(I[w]lx = o0). Notethatthereexistsanothewersionof (9) whichinsteadof ||w||; = 1
usesp = 1. It canbe shavn to possesshe samesolution set, provided the optimal
solutionof (9) satisfiesp > 0.

It is furthermoreworthwhile to obsene that the solutionsof (8) and(9) have the
v-property(shown for (8) in Scholkopfetal., 1999):

Proposition 2. Assumehe solutionof (9) satisfiesp > 0. Thefollowing statements
hold:

(i) visanupperboundonthefractionof outliers (i.e. pointswith f, (x) < p).

(i) v isalowerboundonthefractionof pointswhich are notinside(i.e. outsideor
ontheboundaryof) theestimatedegion (i.e. pointswith fy,(x) < p).

Theproofis analogoudo theonein Schilkopf etal. (1999),Ratschetal. (2000d).
Here,we would like to emphasizehatin particularin unsupervisedearningit is im-
portantto have interpretableregularizationconstantsasthe model selectionfor this
caseposesa difficult problem.In practice the parameter canoftenbeselectedrom
theknowledgeaboutthe problemat hand(seealsoSection5.3).

A similar algorithm hasbeenproposednd%pendentl}by Campbelland Bennett
(2001), whereonefinds the additionalterm ), , fw(xx) in the objectve. The v-
propertyalsoholdsfor this caseandthe derivationsof a boosting-like algorithmin the
following sectionscanbe adaptedeasilyto their approach.

From Eq. (7), ary mapping® inducessomehypothesisspaceH = {h; : X —
R:j=1,...,J}. Thuswe caneasilyreplace(w - ®(xy,)) by ijl wihj(xp) in
theinequality constraintf (9). We furthermoreassumehat the hypothesispaceis
complementatiolosedandcanenforcew; > 0 (j = 1,... , J) withoutchangingthe
problemandgetthefollowing linearoptimizationproblem:

N
min —vp+ L ¢
weR T £eRY pER N nz::1 " (10)
with Z}I:1 wihj(x,) > p—&n, n=1,...,N

wlls =1,

whichlookssimilarto theonesolvedby Arc-GV (cf. Eg. (6)).

4 Leveraging approaches

In thelastsectionwe have obtaineda linearprogrammingormulationof theone-class
problemwhichwill now seneasabasisfor deriving aboosting-likealgorithm.Despite



thefactthatthis algorithmwill not have the PAC-boostingproperty(Schapire, 1990)
(andneitherof thealgorithmsdescribedefore(exceptthe AdaBoostalgorithmitself),
it works very similar to AdaBoost. However, beingpedanticaboutnot to confusethe
terms,wewill use“leveraging’instead.

Principally, ary leveragingapproachselectsiteratively one hypothesish € H at
atime andthenupdateghe weight vectorw, which canbeimplementedn different
ways. Thereareessentiallytwo alternatves:

(i) ldeally, onesolvestheoptimizationproblemfor all hypothesethathave already
beenselectedn lastiterations,asproposecby Grove and Schuurmang1998),
KivinenandWarmuth(1999),Bennettetal. (2000b).

Another—greedy- approachs usedby the original AdaBoost/Arc-GValgorithm:

(i) Here,oneupdatesonly the weight of the last hypothesisselectedwhile mini-
mizing someexponentialcostfunction (Breiman,1997; Friedmanet al., 1998;
Masonet al., 2000; Ratschet al., 2000c). It hasbeenshawvn that this relates
to coordinatedescentmethods,barrier optimizationtechniquegRatschet al.,
2000e)andto the Bregmanalgorithm(Bregman,1967;Censoi& Zenios,1997).

In thenext sectionwe startwith consideringexamplesfor eachof thesecategoriesfor
illustration, beforewe developanew method.

4.1 wv-Arcand Column-Generation for AdaBoost

Note thatthe formulationin Eg. (10) is very similar to the problemsunderlyingto v-
Arc (Ratschetal.,2000d)andColumn-Generation-AdaBoofEG-AdaBoost]Bennett
etal., 2000b).Thedifferences simply thatthelabely,, appearasanadditionalfactor
ontheleft handside of the constraintqcf. Eq. (6)) — which we do not have available
in unsupervisedkarning.Thefirst approach- v-Arc —is basedn theobsenationthat
the Arc-GV algorithmmaximizeshe minimummamin. Following theideasin Ratsch
etal. (2000d),onereformulateg10) asa min-max-poblem

maXx
weR,EERY, pER

N
with Y wihi(xn) +€n— gk D & >ph,  n=1,...,N
n=1

lwlls =1,
(11)

wherewe usej = p — - Zﬁ:l- This hasthe advantagethat we have readily de-
fined a soft mamin in the senseof Ratschet al. (2000c)on the left handside of the
inequalities. Using the optimal valuesfor p — chosensuchthat the v-propertyholds
(cf. Proposition2) — and¢, = max(0,p — fw(x,)), this mamgin is thengiven con-
tinually to the Arc-GV algorithminsteadof the realmamgin. Fromthesesoft mamgins,
Arc-GV computes- asbefore— the weightingof thetraining setto obtainthe next hy-
pothesisandcomputests weightby minimizing acertainerrorfunction. So,Arc-GV is



exploitedasanoptimizationtool to solve the min-maxproblem(11) for large hypoth-
esisclasses.However, it is theoreticallynot completelyclear whetherthis approach
alwayscorvergesto the optimal solutionof (11).

The Column-Generatioapproactor AdaBoost(Bennettet al., 2000b)startswith
the dual problemof a linear program(LP) thatis similar to (10) and (6) and usesa
techniquewell-known in the optimizationcommunity— Column Generation.Let us
just briefly recapitulatehis algorithmandapply it to our modifiedproblem. Thedual
of (10)is (cf. AppendixB for the derivation)

max €

deRY,ecR v

with En:1dnhj(xn) <€ j=1,...,J (12)
0<d, < %, n=1,...,N
J
Zj:ldj = D

whereone hasone constraintper hypothesisand box constraintson d in the N di-
mensionakimplex. Thealgorithmiteratively selectsa hypothesié h; (columnj) and
constructssubsets! = {hy,... ,hs} C H,t = 1,2,..., for which it solvesthe
problem(12) exactly, e.g.by usinga simplex method.As in the original boostingal-
gorithmin eachiterationit generates patternweightingd?, thatis usedto find the
next hypothesis.From (12) it can easill\){/be seenwhich hypothesighis hasto be, to
make progress:the onewith largest) |, _; d,h;(x,) — calledthe edge in supervised
learning(Breiman,1997). Clearly; if all hypothesishave beenadded the problemis
solved. However, dueto the smartselectionrule andthe sparsenessf the solution,
the convergenceof this algorithmis much fasterand at somepoint thereis no hy-
pothesideft which would changethe currentsolution,i.e.for all j = 1,... ,J holds
SN dnhj(x,) < e. Thenthealgorithmis convergedto thesolutionof thefull prob-
lem. Notethatonehasto be carefulwith the definition of the primal problemin the
caseof infinite hypothesispacesfor a regressiorsettingthis hasbeenconsideredn
Ratschetal. (2000a).

Sofar, we have presentedwo new approachesasedon boostingtechniquesised
for supervisedearning. The first approachhasthe advantagethat it is easyto im-
plement,however, thereis no guaranteef corvergenceto the optimal solution. The
secondapproachhoastgguaranteedorvergenceandthe empirically fastperformance
(Bennettet al., 2000b), but it relies on the availability of a good LP-soler. In the
following sectionswe will proposea new methodbasedon the work in Ratschet al.
(2000e)usingbarrier optimizationtechniquesto combinebothalgorithmsandmostof
theiradvantages.

4.2 A One-ClassBarrier Algorithm

Let usvery briefly recallsomebasicstatementsiboutbarrieroptimization.For details
seee.g.Ratschet al. (2000e)andreferencesherein. The goal of barrieroptimization

“4For easeof notationwe will denoteby h; the hypothesighatis selectedn the t-th iterationandby h;
the j-th hypothesisn the hypothesisetH. We usethe samenotationfor thecorrespondingveightsw; and
wj, respectiely.



is to find anoptimal solutionof the problem

még f(x) with S={x]ci(x)>0,i=1,...,m},

where f is a corvex function over the non-emptycorvex setS of feasiblesolutions
This problemcanbe solved usinga so calledbarrierfunction. The exp-barrierfunc-
tion (cf. Cominetti & Dussault,1994; Doljansky & Teboulle, 1998; Moshe/ev &

Zibulevsky, 1999)is a particularusefulchoice(Ratschet al., 2000e)for our purposes,

Ba(x) = 160+ 5 exp |-, (13)

where > 0 denotesa penaltyparameter By finding a sequencef (unconstrained)
minimizersto (13), usingary sequencef g’swith g — 0, it canbe shavn thatthese
minimizerscorverge to a global solution of the original problem(e.g. Cominetti &
Dussault,1994). The conditionsfor corvergenceare even morerelaxed asshown in
thefollowing

Proposition 3 (Cominetti and Dussault (1994)). Assumef andc; are differentiable
andcorvex functions.Letx! beand; > 0 minimizerof

B, (x) )+ Be Z exp [ ] (14)

ie |2 Es (x!)|| < &. Then,for &,8 =% 0 everylimit point of {x'},c is a
solutionto (13).

Let usnow applythe exp—barriertechniqueto problem(10). We getthefollowing
barrierfunctional

B3(p, w,€) = —vp+—2§n+ﬂ2exp[ e |m58] as)

whereé,, = p — E - wihj(z,). We have omitted the termscorrespondingdo the
constraints||w||y = 1 andw > 0 aswe will maintainthem outsidethe barrier
optimization® In orderto reducethe numberof variablesto be optimized,we find
the optimal slackvariables,, by minimizing (15) for a given 8, w and p by setting

(%Eg = 0 andsolvingfor &. We obtaina closedform solution:

%n]) + flog N, (16)

which—asexpected — satisfieséin}) &q(B, p, w) = max(0, §,,). Notethatit is difficult
—>

£n(B,w,p) = Blog (1 + exp [

to find anexpressiorfor anoptimal p whichis independentf £. As we will seelater,
thereexistsa simpleway aroundfor this problem.

SWhen computinggradientsor proving the corvergenceof our algorithmwe substitutew; = ”‘w l

however in the algorithmwe implementthe constraintdy restrictingthe searchspace.
6This becomeslearby (11) andSectiord. 1.

w1’



Usually, in abarrieralgorithmonewould optimizeall J+ N +1 parameterdirectly
until the desiredprecisionis reachedcf. Proposition3). But this requiresto know all
hypothese@n # in advance. Thus,we will proposea leveragingalgorithmthatfinds
onenew hypothesish; andits weightw; = wy, in eachiteration. Thenthereis only
oneparameterw,, to bedeterminedn eachiteration. In proving the corvergenceone
exploits thatoneneedsonly aé-minimizerfor Eg. It will turnoutthatthebase-learner
helpsto estimatethe £,,-normof thegradient.

421 Selectingthe hypothesis

Thegradientof Eg with respecto eachw; canbecomputedas’:

N
%Eﬁ(m w,£(B,p, W) = 3 dn(fw(xn) = hj(xn)), (17)
J n=1

whered,, = e(9~—¢=)/8_ Note that the maximumof aiij,g(p,w,g(ﬂ,p, w)) is the
duality gapbetweenthe primal problem(15) andits dual. It is thereforealwaysnon-
positive (seeAppendixB for details). To reduceE; iteratively (for somefixed 5) one

may choosethe hypothesis; suchthat

N
hs = argmaxz dnh(x,) = £ argmax ‘ %EB , (18)
h

heH heH

n=1

wherew;, denoteghe weightfor the hypothesish andwe have usedthe complemen-
tationclosenessf 7. This selectiorrule implementsa Gauss-Southwethethod(Lu-
enbeger, 1984)on the full problem(detailsin the Proofof Theoremd). Furthermore
it findsthe hypothesighatis mostresponsibldor the sizeof the duality gap.

Note thatin supervisedBoostingtechniqueghis correspond¢o minimizing the
training errorusingthe patternweightingd. In orderto find the besthypothesisn the
unsupervisedettingthe scalarproductbetweerthe weight vectorandthe hypothesis
weightneedgo be maximized.

4.2.2 Finding the weights

Whenthe hypothesigi; hasbeenfound, its weightw, is computed.Essentiallythis
worksasin AdaBoost:

wt = argmin Fg (P; g(ﬂ: P W), W), (19)
weSt (wt—1)

whereoneusesthe optimalvaluesof ¢ asgivenabove. ThespaceS?(w? 1) is chosen
suchthattheconstraintg|w||; = 1 andw > 0 arefulfilled, e.g.

Stwt1) = w1 + (1= Net | A € [0,1]},

"For detailsseeLemma5 andproof of Theoremd.

10



wheree; is the t-th unit vector Here, St(w?~1) is a one-dimensionasubsetof the
t-dimensionaprobabilitysimplex St, which s definedsuchthatonecanfreely change
thecoeficientof the currenthypothesisut takescareof theconstraintd|w||; = 1 and
w > 0. OnemayalsochoseS!(wi—1) larger(e.g.S*(w?=1) = &) if theminimization
in (19) canbe implementedefficiently. This may improve the corvergencespeedin

practice.However, in our analysiswve only considerthe simplercase.

4.2.3 Convergence

Thecompletealgorithmis summarizedn Algorithm 1 aspseudo-codeThefollowing
theoremshaws the corvergenceof the proposedalgorithmto the solutionof our one-
class-LP:

Theorem 4. SupposéH is a complementatiorclosed,boundedand finite hypothesis
setandthe baselearner L4, whencalled by the algorithmin Algorithm 1, returnsa
hypothesighat fulfills (18). Letnext_beta bea functionsud that lim 3, = 0 and

r—00
Br >0 (r =1,2,...). Thenthe outputof the algorithmwill asymptoticallycorverge
to the optimal solutionof (10).

Sletch of Proof: The idea of the proof is asfollows: We first shawv that the
basdearnerselectghe hypothesighatcorrespondso theweightwith largestgradient.
By the corvergencepropertief coordinatedescenmethodg(in particularthe Gauss-
Southwell-algorithm)we can concludethat the gradientof Eg with respectto ary
hypothesis-weighdlecreasefor afixed 3. Iff this gradientbecomesmallenough g is
decreasednditeratively we will getg — 0. Thenwe canapply Proposition3 for the
limiting caseandhave showvn thedesiredcorvergence.

Specialcare needsto be taken aboutthe additional constraints||w||; = 1 and

. . ! . .
w > 0, whichwe implementasw = ﬁ where|w'| is the elementwiseabsolute

value.Let fyr = ijl w’;h; andwe getthefollowing objective

1 N N —6
Bilpi§) = vt Dbt Y e |+
_ _ r—1 ,
+exp [p En = IW'[I1 " fw (xn):| )
g

Thederivatives Z;Eﬂ alwaysusingtheoptimal&(8, p, |w'|/||w'||1) caneasilybe com-
puted:

Lemma5.

OEs(p,w', (B, p, [w'/lIw'l[1))  _ Sign(wé')i(fw'(xn)

Ow; W'k o[l

- hj(xn)) dp,

n=1

1 ’ =1
wherd,, = exp [pfsnw,mw L)l fw,<xn>]_
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Algorithm 1 The 1-Class-Leeragingalgorithm
argument: Sanpl e X ={x1,...,xnx}, No. of iterations T, ve(0,1)
returns: Convex conbi nation from H.
function 1-d ass- Leverage(X,T,v)
Set >0, p°=0 and w® =]
Set d.,=v/N, n=1,...,N
for t=1,...,T

hy = ‘C(X7 dt)
N
* it > dl (hi(xn) — fwt-1(xn)) < B do B =next beta(B) endif
n=1
w! = argmin Eg(w,p'™t)
weSt (wt—1)
pt = argmin Eg(w', p)
PER t t t
dfl—i-l = exp [p _gn(ﬂ7p7;’)_fwt(xn):|, n:l,...,N
endfor
return f =Y wihy
end
function Eg(w,p)

Set £:£(ﬁapan) by (16)

n=1

end

For the proof seeAppendixA. By duality aguments(cf. AppendixB), the edgeof
the combinedhypothesisis always greateror equalthan the bestsingle hypothesis.
By complementatiorclosenes®f H, for sucha hypothesighereexists a hypothesis
that hasthe sameedge,but with oppositesign. Selectingthe hypothesisaccordingto
(18), is thereforethe sameaschoosinghe onewhoseweighthasthe maximalgradient
(whichis alwaysnon-positie).

Thisshavsthatthealgorithmfor afixed s implementsacoordinatedescentmethod
in the variablesw’ and p on the objectve Eg(p, w',&(5, p,|w'|/||w'||1)). In each
iteration the first coordinatew; with maximal gradientand the the coordinatep is
optimized. By standardcorvergencepropertiesof thosealgorithmscf. e.qg. (cf. e.qg.
Luenbeger, 1984)thenormof the gradientof Eg with respecto w' andp will vanish
asymptoticallyandwill thereforebe smallerthan g aftera finite numberof iterations.
In a sensethe base-learnehelpsto estimatethe £,-norm of the remaininggradient
andthesizeof the duality gap.

By theconditionx in thealgorithm, 3 is (asymptotically)decreasedf thegradient
getssmallenough.We have thereforeconstructedgequencesf w' andp which fulfill
Proposition3 andhave eventuallyproventhe corvergence. O
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4.3 Examplesfor Base Learner

In this sectionwe briefly look atsomebasdearnerdhatcouldbeusediogethemwith the
algorithmabove. Which of themshouldbe usedfor solvinga certainproblemdepends
of courseon the problemat hand. It is importantto notethatour approactis general
enoughto usespecializedhypothesisclassesdesignedor particularproblems,such
thateitherthe performancer theinterpretabilityis asgoodasdesired.

We first considerbaselearnersthat itself are linear combinationsof somefixed
functionsk,:

Q
ha(X) =) agke(x)

Thefunctionsk, coulde.g.bekernelfunctions,i.e. k,(x) = k(x,x,), centerecaround
the training pattern To find the optimal hypothesidor someweightingd, the term
Zﬁzl dnha(x,) Nneedgo be maximized(cf. (18)). As H needgo beboundede and
k(). ¢=1,...,Q, needto beboundedj.e. onemaymaximize

E(a) = Zdnha(xn)

s.t. |||, = const.;

The next two paragraphgonsiderspecialcasedor which particularsimple solutions
exist.

431 SparseCombinations(p = 1)

For this casethe minimizationof E(«) hasa very simplesolution. It hasbeenshawvn
(Ratschetal., 2000a)that

N
max » dnha(xn) St [alh =1

n=1

1 g, =maxy gy
0 otherwise
sumingthe maximumg, = max, g, is unique. This impliesthatit is in this case
eventuallynot usefulto optimizea linear combinationof functionsk,, ¢ = 1,...,Q,
asonly one of themis selectedaryway. Instead,one would usethe much simpler
H={ks|qg=1,...,Q} ashypothesisetandobtainsthe samesolution.

hasthe solutiona, = , whereg, = >N d,k,(x,) andas-

8|n Ratschet al. (2000a)the concepiof activekernelshasbeenproposedalsoknown asmoving centes
in (alsoknown asmoving centes in T.Poggio& Girosi, 1990), whereoneis even optimizing the centers
aroundwhich the kernel functionsare computed. However, then the hypothesisspacebecomesnfinite
dimensionaland one needsa more deepertreatmentof primal/dualproblemsand the convergenceof the
correspondin@ptimizationalgorithms(cf. Ratschetal. (2000a)).Here,we restrictusto thefinite hypothesis
case.

13



432 Least Squares(p = 2)

Undertheassumptiorthat||h||2 = const. for all h € #, it hasbeenpointedout(Ratsch
etal., 2000e;Bennettet al., 2000b)that (18) canbe solved by minimizing the least-
squareerror betweenthe weight vectorandthe hypothesisoutput. However, usually
thisassumptiordoesnot hold. Thenonemay solve

N
a = argmin Z(dn — ha(%n))? — ha(x,)? + Cllall3,
« n=1

wherewe use||a||? asa regularizerthat effectively boundsthe ¢;-norm of « cf. (cf.

Smola,1998). Theproblemhasasimplesolution:a, = & Egzl dnkq(x5). Thiscase
is in particularinterestingvhenusingneuralnetworkswhich linearly combineseveral
unitsfor the outputlayer. The structureof the network maye.g.implementsomeprior

knowledgeaboutthe problemat hand.

4.3.3 Decision Stumps

As an even simplerandthereforehighly interpretablenypotheseglass,we consider
decisionstumpsasfrequentlyusedin the Boostingcommunity however, in a slightly
differentform:

H? = {he,i(x) = tanh((z, — ¢)s) | ¢ € {setof possiblecuts},i =1,... ,dim(X)}

wheres is the slopeparameter Eachhypothesish is a softdecisionstumpconsider
ing coordinatei for splitting at positionc. Essentially linear combinationsof those
hypothesegandescribeboxes in input space(or subspaces;ut in directionsof the
coordinateaxes),which canbeinterpretedeasily

5 Experiments

In thefollowing experimentsve will illustratethatour algorithmsdowhatthey should
do — detectinganomalitiesandoutliers. As we would like to conductexperimentson
which we canevaluatetheresultby anobjective measuremeng.g.how mary outliers
have beendetectecandhow mary normalpatternshave beenclassifiedasoutliers,we
needto have labelsthatareusedfor evaluationpurpose®nly.

5.1 Toy data

We begin with atoy experimentto shov somebasicpropertiesof the algorithms.The
data(cf. Figurel) have beengeneratedrom two uniformdistributionswith differently
sizedsupports. This leadsto a large densityof patternsin the center andto a lower
densityin theperiphery In thetoy model,thelatterareconsideredisoutliers.

We useddecisionstumpsof the form describedn Section4.3 with s = 4. Fig-
urel shownstheresultfor the barrieralgorithm(cf. Algorithm 1) andthe CG-algorithm
describedn Section4.1. It illustrateshow the parameter (from top (v = 0.1) to

14



v =10%

v =20%

v =30%

uw=15.5% w=29.9%
Figure1: The One-Classapproactusingtanh-decisionstumpsfor finding outliersof this toy problemfor
differentvaluesof v (10% (top line), 20% (middle line) and30% (bottomline)) for differentvaluesof 5 in
our one-clasdarrieralgorithm(first 4 columns)andfor theone-clas4 P (right mostcolumn).All pointsare
initially unlabeledpointsoutsidetheregion estimatedy thealgorithmaremarledasasterisksThefraction
u of outliersfoundby the algorithmsis givenbelaw thefigure.

bottom(v = 0.3)) controlsthefractionof outliers(markedasasterisks)Givenavalue
of v, thealgorithmshrinksthe region to be small, yet, to have no moreoutliersthana
fractionv. The resultingdecisionboundaryis a superpositiorof four (soft) decision
stumps,yielding a readily interpretableresult: it can be translatednto simple rules
characterizinghormalityandnovelty, outlier or exceptionalevent.

Furthermorewe shov snapshot®f the barrieralgorithmat certainlevels of g at
B =4-10"2,10"2,10-3 and10~*. It showsthatfor 8 — 0 theoutputof our barrier
algorithmcornvergesto the outputof alinearproblemsolver (we usedCPLEX) on the
right-most.Note,thatin somecasegheresultof the barrieralgorithmfor somesg > 0
describeghe dataintuitively better— e.g.the case3 = 10~3 andv = 0.3 looks a bit
more appropriatghanthe LP solutionfor » = 0.2. We conjecturethatthis is dueto
theimplicit regularizationpropertiesof the barrierapproact?,

5.2 Experiment on USPS database

In a third experiment,we utilized the USPSdatabasef handwrittencharacters.As

basehypothesisetwe useRBF kernelfunctionsk(x, x,,) = exp (%) centered

aroundthetraining patternswhich hasbeenshavn usefulin severalindependenstud-
iescf. e.g.(cf. e.g. Schdlkopf, 1997). Figure2 shows a plot of the outputson training

9By the dual of the barrieroptimizationproblem(15) givenin AppendixB, oneseeshatfor 3 > 0 one
is forcing the distribution vectord to have a small relatve entropy to the uniform distribution (cf. Ratsch
etal. (2000e)for somemoredetails).Notethat, differently from the CG-approactfwhich is favoring sparse
patternaveightsd), thebarrierapproachriesto avoid this sparsenedsy usinganexponentiaform (cf. (21)).
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Figure2: Experimenton the US postalserviceOCR dataset. Recognizeffor digit 0; outputhistogramfor
theexemplarsof 0 in thetraining/testset,andon testexemplarsof otherdigits. The z-axis givesthe output
values,i.e. the agumentof thesign in the decisionfunction. For v = 50% (left), we get49.9% outliers
(consistentwith Proposition2), 43.7% true positve testexamples,and only one false positve from the
“other” class,i.e. the otherdigits. For v = 5% (right), we get4.8% outliers. In thatcase the true positve
rateis improved to 92.2%, while the falsepositive rateincreasedo 13.7%. Thethresholdp is markedin
the graphs. The plots shov a Parzenwindows densityestimateof the outputhistograms.In reality, mary

examplessit exactly atthethresholdvalue.

andtestsetsof the US postalservicedatabasef handwrittendigits. Thedatabaseon-

tains 9298 digit imagesof size16 x 16 = 256; the last 2007 constitutethe testset.
We fed our algorithmwith the training instancef digit 0 only. Testingwasdoneon

bothdigit 0 andon all otherdigits. As shovn in Figure2, v = 50% leadsto onefalse
positive (i.e. eventhoughthelearningmachinehasnot seenany non-0-s duringtrain-
ing, it correctlyidentifiesalmostall non-0-sassuch),while still recognizingd3.7% of

the digits 0 on the testset. Higher recognitionratescanbe achieved usinga smaller
v: for v = 5%, we get92.2% correctrecognitionof digits 0 on the testset, with still

afairly moderatdalsepositive rateof 13.7%. Similar experimentshave beendonein

Schdlkopfetal. (1999)for the 1-SVM, with similar results.

5.3 Model Sdlection

A seriousproblemin the one-classapproachis how to selectthe model. Note that
commonlyusedmodel-selectioralgorithms,suchas cross-walidation, are not easily
applicableto the one-clasgproblem. First one hasto find anappropriatébase-learner
This mightbethe smallerproblem,asonecanoftenderive a specializedalgorithmfor
certainproblems(e.g.RBF kernelsin OCR). Furthermoreonehasto find the optimal
parameter. Dueto the meaningof » onemay alreadybe ableto infer the optimal v
for the problemat hand:setv to the estimatedractionof outliersin thetraining data.
However, in somecase®venthisfractionmightbeunknown. For this casewe propose
asimpleheuristicshatmayhelpto find anappropriate.

Theideais asfollows: For ary v, the one-class-classifiexill find somedecision
irrespectvely of thequality of separatiorbetweerthe one-classndthe otherpatterns.
Intuitively, agoodseparatiors achieved,if theseparations verycleat i.e.thedistance
betweerthe classess large. We proposeo useexactly this intuition asa criterionfor
model-selection.For a given v one measureshe averageoutputof the classifierfor
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Figure3: Digit “1” againsthe others:On adatasetwith 1005“1"-  Figure 4: Data setwith 1005 “1"-

digitsand120randomlysampledbtherdigits, theone-class-LRlas-  digits anddifferentfractions(x-axis)

sifier wasapplied. The separatiordistanceD,, (left) andtheerror of randomly sampledother digits:

rateof misclassificatioron a labeledtestset(right) for differentval- The dashedgraph shawvs the v se-

uesof v is shavn. The maximumin the separatiordistancecoin- lected by our maximum-separation

cideswith theminimumin thetest-error criterion. The solid graphshaws the
v thatminimizesthetest-error

bothclasseandselectsher which separatedboth classedest.

To illustratethisidea,we conductanexperimenton the USP Sdataset(cf. lastsec-
tion), wherewe separatadigit “1” againstthe rest. For training we usethe 1-digits
and additionally include different fractionsy = 1%, ... ,25% of the other digits.
For eachof thesedatasets,we computethe one-class-LR9) for differentvaluesof
v.10 For eachr we computethe separatiordistances:D, = 7 wa(x)<p fw(x) —
N%r > For()>p Jw (x) (whereN, andN_ aretherespectie numberof patternsn each
of the classespandchosether € (0, 1) with largestseparatiordistance.In our exam-
ple the maximumis very distinct (cf. Figure 3 left) andcoincidesvery well with the
minimumin thetesterror(cf. Figure3 right andFigure4). In somecasesharacterized
by avery smallgapbetweerin- andoutliers,we obsenedthatthe maximumD,, is er-
roneouslyachievedfor v — 1 or v — 0. Thisis to be expectedasour modelselection
heuristicassumes clearseparatiorbetweerin- andoutliers.

6 Conclusion

We have studiedthecorrespondendeetweersVMs andboosting-like methods Essen-
tially, they bothwork in very high-dimensionafeaturespaces.They differ, however,
in how they dealwith the algorithmicproblemsthatthis cancause.Onecanthink of
boostingasa SV approachn a high dimensionafeaturespacespannedy the basis
hypothesis.The problembecomedractablesinceeffectively a 1-normregularizeris
used. This inducessparsity hencewe never really work in thefull space put always
in a small subspaceVice versa,onecanthink of the SVM asa “boosting” approach
in a high-dimensionakpace. In SVMs, we usethe kerneltrick and thereforenever

10Good optimizationpackagege.g. CPLEX) have the very usefulfeaturethat oneallows oneto change
coeficientsin theobjective function(in our casev) andto obtainanupdatedsolutionwith low computational
effort.
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explicitly work in thefeaturespace.Therefore SVMs getaway without having to use
1-normregularizers;indeed,they could not usethem,asthe kernelonly allows com-
putationof the £,-normin featurespace Both methoddeadto sparsesolutions either
in sample(coeficient) spacg SVMs), or in featurespacgboosting),andbothmethods
areadaptedo algorithmicallyexploit the form of sparsitythey produce.

Besidesproviding insight, this correspondenckasconcretepracticalbenefitsfor
designingnew algorithms. We have employedit to devise a leveragingalgorithmfor
novelty detection.The new algorithmcombinegheideasandbenefitsof v-Arc andthe
column-generatioalgorithmfor Boosting.It corvergesasymptoticallyto the solution
of alinearprogramsimilarto the 1-SVM program.

In experimentsve have showvn thepromiseof anew researclhdirectionin boosting:
unsupervisedearning. The focusof our contribution is to be seenon the theoretical
and conceptuakide. On the practicalside this paperhasconductedexperimentson
both: toy dataandreal-world OCRdata,to demonstratéhe proof of concept.Otherin-
terestingreal-world one-classpplicationsaree.g.thechallengingsplice-sitedetection
problemon DNA (cf. Salzbeg (1997),Ratsch JagotaandMuller (2000b)).

Futuretheoreticaresearchwill be dedicatedo incorporateprior knowledgeto ob-
tain one-classalgorithmsthat are eventually faster better more general,and easier
to understandandinterpret. In particularthe extensionof our algorithmsto infinite
hypothesislassesindthe derivation of moretheoreticallymotivatedmodel-selection
methoddor the one-clasglassificatiorproblemarechallenging.
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A Proof of Lemmab

Proof: It holds

! 1—1
%exp[&(%%w)]=l+exp[p_”w”b fw/(xn)]7 n=1,...,N. (20)

We have

8Eﬁ(p7 wla 6(/87 P, wl)) _

: =
6wj

9, ( B, : X 96,(8, p, W) —&,(B,p, W)
NZ o _Zl 6wZWexp[ Bpw]

5§n(ﬂ,P,W ) AWl fw (xn) p—En(B,p,w') — Wi fur (xn)
+< quw, o, )e"p[ 5
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andby (20) we get

AW |7 Fut (%) [p—IIW’Hfﬂlfwr (xn)]

On(B,w'p) _ T owpy P
), 1+ oxp [l )|
— Wl fw (o) exp [p— [[w'[IT" fw (xn) —£n] _
ow; B8
Pluggingin yields:
aEﬁ(p,Wl,g(,B,p,Wl))
ow;
o~ 9n(B,p, W) (1 —6a (B, P, W) o OlIWII fuwr (%)
= o ——exp[ ik A ]—dn>— L dn,
7;1 ow;; (N B8 7;1 ow;;
N -1 _ '
L A ) (5[] )
n=1 811); /8
N _ . ! N
oW ), siEm)
= X Gu = T 2 (W e Ocn) = B (e,

"It § (%)= [ W |7 fur (%
Whereweused(ZO)inthesecondastline,M’:‘"’("") = sign(wj)hf( m) Wl Fur (n)

ow Wl

! =1
in thelastline andhave setd,, = exp [”_5” (Bopsw )_Al‘” i fowr ("")]. O

B Primal/Dual problem and the Duality Gap

Let usstartwith thefollowing problem(set3 — 0 for the correspondingd.P):

N
min e+ 8 dn(logd, — 1) + gn(loggn — 1)
n=1
st dTl=v, dy+agn=—
t. =V dnt o=

ATd<el,
wherewe useA,; = h;(xy) for simplicity. The Lagrangiarfor this problemis

N
L(e,d,w,p) = e+fY dn(logd, —1)+gn(logg, — 1) +

n=1
1
+p(v—dT1)+ €T (d+q— Nl) +w! (ATd —€1)

s.t. w > 0. Settingthe derivativeswith respecto the primal variablesto zero,yields
|[w|]1 = 1 andtwo non-linearconstraint-sets

d, = exp <W) and ¢, = exp (%) . (21)
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Pluggingin A,w = p — Blogd,, — &, and§, = —flogqy:

N
L(e,d,w,p,€) = B dn(logd, —1)+gn(loggn — 1)+ p(v —d'1) -

n=1

1
~d"(Blogd +£~p1) +£"(d+q - 1)
1
= vp— € 1-pd"1-pa"1,

andwe getthedual program

N
max Vp—%ng—,BZexp [W] + exp [_5_"]
n=1

st. w>0,||w| =1,
whichis the sameasstatedn (15).

The duality gap,i.e. the differencebetweenprimal anddual objectve, at optimal
(andfeasible)d, q ande = max; ), d,An; is givenby:

N N
1
GAP = dn(logdn, — 1) + gn(loggn — 1) +e—vp+ —€ 1+ dn + gn
5321 (log ) + qn(logg )te—vp v ﬂn§:1 q
= j:r??:).(”] En dn(An]- —A,w) > 0. (22)
C Notation

We usethefollowing notationalcorventions:

n, N counterandnumberof patterns

3, dJ counterandnumberof hypotheseglimensionalityof F
counterandnumberof iterations

input space

spaceof non-ngjative realnumbers

atraining patternandthelabel

setof basehypothesesndanelement

featurespace

hypothesisveightvector

the“slack-variable”for patternx,,
ancombinedhypothesisisingtheweightingw
weightingon thetraining set

the quantileparamete(determineshe numberof outliers)
themamgin

barrierpenaltyparameter

theZ,-norm,p = [1, oo]

scalarproductin featurespaceF

P4

e

AR JEN
;..@

. ’ﬁ_

T=D R Q-?
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