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Abstract

We show via an equivalenceof mathematicalprogramsthat a SupportVec-
tor (SV) algorithm can be translatedinto an equivalent boosting-like algorithm
andvice versa. We exemplify this translationprocedurefor a new algorithm—
one-classLeveraging— startingfrom theone-classSupportVectorMachines(1-
SVM). This is afirst steptowardsunsupervisedlearningin aBoostingframework.
Building on so-calledbarriermethodsknown from thetheoryof constrainedopti-
mization,it returnsa function,written asa convex combinationof basishypothe-
ses,that characterizeswhethera given testpoint is likely to have beengenerated
from thedistribution underlyingthe trainingdata.Simulationson one-classclas-
sificationproblemsdemonstratetheusefulnessof ourapproach.

1 Introduction

Boostingmethodshave successfullybeenappliedto classificationproblems(Drucker
et al., 1993; LeCunet al., 1995; Maclin & Opitz, 1997; Schwenk& Bengio,1997;
Bauer& Kohavi, 1999;Dietterich,1999)andmorerecentlyalsoto regressionestima-
tion (Duffy & Helmbold,2000;Rätschetal., 2000e;Bennettetal., 2000a).Theirhigh
accuracy, easeof implementation,andwide applicabilityhasplacedthemin thestan-
dardtoolbox of machinelearning,next to neuralnetworks andkernelbasedlearning
methodslikeSupportVectorMachines(SVMs) (Vapnik,1995).

Thepresentpaperaimsto pointout theequivalencebetweenthemathematicalpro-
gramsunderlyingbothBoostingandSVMs, thusformalizinga correspondencewhich
hasbeenhintedat by researchersin the boostingcommunity(e.g. in Schapireet al.,
1997). We show thata givenhypothesissetin Boostingcorrespondsto thechoiceof
a particularkernel in SVMs andvice versa. We illustrate this correspondencein an
interestingapplication:one-classclassification, whereonetrainson unlabelleddata,
trying to assesswhethera testpoint is likely to belongto the distribution underlying
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thetrainingdata(cf. Scḧolkopf et al., 1999;Tax & Duin, 1999). This problemof un-
supervisedlearningcanbethoughtof asasimplifiedversionof theproblemof density
estimation. One-classclassificationhasso far beenstudiedin the context of SVMs
(Scḧolkopf et al., 1999;Tax & Duin, 1999; Campbell& Bennett,2001),but not for
Boosting.

A potentialadvantagein thisandotherboosting-liketechniquesis thatprior knowl-
edgecanbe usedfor the choiceof the basehypothesesor weaklearners.It is often
easierto incorporateprior knowledgeinto a weaklearnerthaninto a kernelfunction.
Specifically, in the context of one-classclassificationit is advantageousto work with
interpretablesimplebasehypotheses,e.g.decisionstumpsor linearcuts,asthis letsus
extractsimpleandinterpretablerulesfrom thedecisionboundary(cf. Section5).

The next sectionshows the connectionbetweenBoostingandSVMs. Using this
relation,we first derivea linearprogrammingformulationof theone-classproblemin
Section3 andthendevelopaboosting-liketechniquein Section4,building uponresults
of (Rätschetal.,2000e)thatconnectsBoostingto Barrieroptimizationtechniques.The
experimentalSection5 shows thevalidity of our approach.Finally a brief conclusion
follows.

2 SVMs and Boosting

In thenext two subsectionswewill startto review thebasicideasandthecorresponding
optimizationproblemsof SVMsandBoostingmethods.Thenwewill show therelation
betweenbothapproachesanddiscusswhy differentnormshave to beusedfor SVMs
andBoosting. Here ���
	���
�	���������������������
����������! �"$#��&%�#(' denotesour training
sampleof size ) for someset �+*-,/. . SeeAppendix C, for a summaryof the
notationusedin this paper.

2.1 Support Vector Machines

Consideran 0 -dimensionalfeaturespace1 which is asubsetof ,32 andis spannedby
a mapping4 . In a supportvector(SV) setting,any 4 correspondsto a Mercerkernel5 �6�3����78�:9;�<4������>=?4��6��7@�A� implicitly computingthe dot productin 1 . The goal of
SVMs is to find someseparatinghyperplanedescribedby a vector B in featurespace1 : CED �����F9G�6BH=E4�����IJ�A���
Findingthehyperplanecanbecastedinto aquadraticoptimizationproblem:KMLONDQPSR 	TVU B U TT

subjectto 
(IW��BX=E4��6��IJ���ZY[#]\^9G#(�������W�A)^� (1)

wherefor simplicity we have omittedthebias/offset. Oneselectsthehyperplanewith
minimal (VC) capacity(Vapnik,1995),which is in this casecanbeachievedby maxi-
mizing themargin. Here,themargin _M9 T` D `<a is definedastheminimum b T -distance
of a trainingpoint to theseparatinghyperplane.
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More generally, themargin of anexample ��� I �A
 I � is definedasthe b�c -distanceof
thepatternto agivenseparatinghyperplane.A positivemargincorrespondsto acorrect
classificationandthemorepositive themargin thegreaterthe“confidence”(Schapire
et al., 1997;Schapire& Singer, 1998;Vapnik,1995)that the learnedclassifieris cor-
rect.Theconnectionbetweenthe b c -margin of apatternandtheterm 
(IW��Bd=&4��6��IJ��� is
givenby

Theorem 1 (Mangasarian (1999)). Let eM�f,32 beanypointwhich is notontheplaneg 9h �ie�j�ie�kmln9po?' . Thenfor q^�srt#(��uwv :j e�kxlyjU l U{z 9 U e|" g U c � (2)

where U eM" g U c denotesthe distancee to the plane
g

measured with respectto the
dualnorm b�c , i.e. 	z % 	c 9d# .

Therefore,maximizingtheminimal b c -distanceof thetrainingpatternsto thesep-
aratinghyperplaneis equivalentto solvingthefollowing optimizationproblem(Man-
gasarian,1999): K~}��DQPSRZ� ��PE� _

subjectto 
�IW��BX=�4�����I����QY�_ \^9G#(�������W�A)U B U z 9h#(� (3)

with theconditionson q and � asin theTheoremabove. For q�9[�y9G� this turnsout
to beequivalentto solvingproblem(1). In this case,it hasbeenshown (Vapnik,1995)
that the solution B canbe expressedasa linear combinationof the training patterns
usingsomepositivecoefficients � :

B�9 ��IS��	J� I 4��6� I ��� (4)

It turnsout thatalthoughthecoefficients � aresparse,thisdoesnothold for theweight
vector B in featurespace.

2.2 Boosting

Now we considerBoostingalgorithms.Here,we will in particularfocuson the Arc-
GV algorithm (Breiman,1997). For AdaBoost(Freund& Schapire,1994) similar
connectionscanbemade(seediscussionsin Rätschet al., 2000e).Let � bea classof
basehypotheses��9� ������W����,]�~��9�#(�������W��0/' . In Boostingoneseeksfor a
linearcombination C D �����x9[� 2�A��	V� � � � ������� (5)

whereB is thevectorof thehypothesisweightsto befound.This is doneby (i) calling
abaselearner � thatselectsahypothesis�J� in eachiteration � andthen(ii) computing
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thecorrespondinghypothesisweight � �QY o (cf. Freund& Schapire,1994).Thebase
learner� is giventhe trainingsetanda setof weights ¡ � 9¢r £ � 	 �������W�{£ �� v , which are
updatedin eachiteration � – startingfrom a uniform distribution. � ideally finds the
hypothesis�¤��� thatminimizesthe weightedtraining error cf. weightedminimiza-
tion in (cf. weightedminimizationin Breiman,1997). At theendof thealgorithmthe
hypothesisweights B arenormalized,suchthat they sumto # . For detailson how the
weights ¡ and � � arecomputedin AdaBoostandArc-GV, cf. FreundandSchapire
(1994)andBreiman(1997),respectively.

Arc-GV hasbeenshown1 asymptotically(Breiman,1997)to find thelinearcombi-
nationthatsolvesa linearoptimizationproblem(LP) which is commonlystatedas2:KM}S�DQPE��¥¦ � ��PE� _

subjectto 
 I � 2�A��	W� � � � ��� I �QY§_ \�9G#(�������W�{)U B U 	¨9h#(� (6)

where ,
© denotesthe non-negative half-spaceof , . Thesolution B of (6) hasbeen
foundto besparse,i.e.veryfew basehypothesesof � arecombinedin Eq.(5) (Bennett
& Mangasarian,1992;Chenet al., 1995;Bradley et al., 1998;Rätschet al., 2000c).
This numbercanbeboundedby thenumberof patterns) (independentlyof thesize
of � ), but is usuallymuchsmaller.3

2.3 Connection between Boosting and SVMs

It is a commonfolklore statementthatBoostingandSVMs are“essentiallythesame”
except for the way they measurethe margin or the way they optimize their weight
vector: SVMs usethe b T -norm andBoostingemploys an b�	 -norm. Onemight think
thatthis solelyinfluencestheimposedregularization.We would like to make thecon-
nectionmorepreciseandexplicit andwill show that they usetwo uniquestrategiesto
handlehigh or eveninfinite dimensionalspaces.First, SVMs needto usethe b T -norm
to implicitly computescalarproductsin featurespacewith thehelpof thekerneltrick.
No othernormcanbeexpressedin termsof scalarproducts.Boosting,in contrast,per-
formsthecomputationexplicitely in featurespace.Thisis well-knownto beprohibitive
if thesolution B is not sparse,asthefeaturespacemight bevery high or eveninfinite
dimensional,dependingon thesizeof thebasehypothesisset. Thereforethe b 	 -norm
or anothersparsenessinducingregularizationfunctionale.g.(e.g.Mangasarian,1997)
is mandatory. Boostingreliesonthefactthatthereareonly afew hypothesesnecessary
to expressthe solution,which Boostingtries to find during eachiteration. Basically,
Boostingconsidersonly the mostsalientdimensionsin the featurespacespannedby

1This is alsobelieved to be true for AdaBoostif the problemis separable,i.e. ª¬«¤­ (cf. Freund&
Schapire,1996;Rätschetal., 2000e).

2Weaddedtheconstraints®¤¯�° , oftenusedin thecontext of Boosting.If oneassumescomplementation
closenessof thehypothesisset ± , thenaddingtheconstraints®¤¯�° doesnot changethesolution.

3Roughlyspeaking,areasonfor theinducedsparsenessis thefactthatvectorsfarfrom thecoordinateaxes
are“larger” with respectto the ²�³ -normthanwith respectto ²<´ -normswith µy«s¶ . For example,consider
the vectors ·6¶�¸<­º¹ and ·»¶A¼�½ ¾�¸�¶A¼�½ ¾º¹ . For the two norm, ¿&·6¶�¸À­º¹À¿�Á$Â[¿&·»¶A¼�½ ¾�¸Ã¶A¼�½ ¾º¹À¿�Á$Âp¶ , but for
the ²�³ -norm, ¶xÂ�¿&·6¶�¸À­º¹À¿&³¨Äs¿&·»¶A¼ ½ ¾�¸�¶A¼ ½ ¾º¹À¿ Á Â ½ ¾ . Note thatusingthe ²&³ -normasregularizerthe
optimalsolutionis alwaysavertex solution(or canbeexpressedassuch)andtendsto bevery sparse.
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thehypothesesandcanthereforebevery efficient. Also on thelevel of themathemat-
ical programswe canseethe relationbetweenBoostingandSVMs: (3) and(6) are
clearlysimilar for qÅ9G# . To makethis explicit, notethatany hypothesisset � implies
amapping4 by 4Æ�S��Ç�Èr � 	 �����º���������&� 2 �6���<v k � (7)

andthereforealsoa kernel
5 ���3��� 7 �É9 � 2�A�
	 �?���������?���6� 7 � . Thus,any hypothesisset� spansa featurespace1 . Furthermore,for any featurespace1 which is spannedby

somemapping4 , thecorrespondinghypothesisset� canbeconstructedby � �ËÊpÌ�� 4 ,
whereÌW� denotestheprojectionontothe � -th dimensionin featurespace.

3 From One-Class SVMs to One-Class-LPs

3.1 One-Class-SVMs

Thegoalof theone-classSVM (1-SVM) approachof (Scḧolkopf etal.,1999)is to find
somehyperplaneB��s1 thatseparatestheunlabeledtrainingdatafrom theorigin at
somethreshold_ , i.e. oneestimatesa function

C�D �6���x9h�6BX=�4������A� anddecidesthata
pattern� belongsto theoneclasswhenever

CED �����|Y[_ . To find B andthethreshold_ , thefollowing quadraticprogramis used:KyLONDQPSRF� Í�PE��Î¦ � ��PE� 	T U B U TT "sÏ�_$% 	� ��IS��	�Ð I
subjectto ��BX=�4��6� I ���¨Y§_É" Ð I �Ñ\�9h#��������W�A)�� (8)

Theoptimizationproblemincorporatestheintuition thatwewould like to havea large
fractionof trainingpatternssatisfying

CED �����ÉYd_ , while still having a smallSV-type
regularizationterm U B U TT (Vapnik,1995).TheparameterÏ¬�Ò�»oÓ��#E� controlsthetrade-
off; its meaningwill becomeclearerin thenext section.

A differentapproach(calledSupportVectorDataDescription– SVDD) is taken
in Tax andDuin (1999),whereoneis not seekingfor a hyperplane,but a hypersphere
whichcontainsasmany aspossibleof thetrainingdatawhile keepingtheradiussmall.
Whenusingradialbasisfunction(RBF) kernels,this hasbeenshown to beequivalent
to thecurrentapproach(Scḧolkopf et al., 1999).

3.2 A Linear Programming Approach

As we intendto considerhigh-dimensionalfeaturespaces1 , it canbe prohibitive to
have non-sparsesolutionvectors B whenexplicitly carryingout computationsin 1 .
We do not wantto beforcedto take all 0 dimensionsinto accountto decidewhethera
new pattern� belongsto theoneclassor not.

We thereforeproposeto modify theregularizationtermon theweightvector B to
the b 	 -norm in featurespace,as the b 	 -norm usedin (8) inducessparsityin B (see
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discussionin Section2.2). Thuswe obtainthefollowing optimizationproblem:KMLONDQPSRZ� Í�PE�WÎ¦ � ��PE� "ËÏ�_�% 	� ��I(��	 Ð I
subjectto ��BX=E4��6��IÓ���QY¤_Ô" Ð IW�Õ\�9h#��������W�A)U B U 	¨9d# (9)

wherewe have to fix U B U 	�9Ö# becausethe objective is – contraryto (8) – linear
in U B U 	 andthe optimal solutionwould otherwisebe trivial ( B×9�Ø ) or unbounded
( U B U 	 �;u ). Notethatthereexistsanotherversionof (9) which insteadof U B U 	 9d#
uses_§9�# . It canbe shown to possessthe samesolutionset,provided the optimal
solutionof (9) satisfies_:Ù!o .

It is furthermoreworthwhile to observe that the solutionsof (8) and(9) have theÏ -property(shown for (8) in Scḧolkopf et al., 1999):

Proposition 2. Assumethe solutionof (9) satisfies_§Y�o . Thefollowing statements
hold:

(i) Ï is an upperboundon thefractionof outliers (i.e. pointswith
CED �6���QÚ§_ ).

(ii) Ï is a lower boundon thefractionof pointswhich are not inside(i.e. outsideor
on theboundaryof) theestimatedregion (i.e. pointswith

C D �����QÛ�_ ).
Theproof is analogousto theonein Scḧolkopf et al. (1999),Rätschet al. (2000d).

Here,we would like to emphasizethat in particularin unsupervisedlearningit is im-
portantto have interpretableregularizationconstants,asthe modelselectionfor this
caseposesa difficult problem.In practice,theparameterÏ canoftenbeselectedfrom
theknowledgeabouttheproblemat hand(seealsoSection5.3).

A similar algorithm hasbeenproposedindependentlyby CampbellandBennett
(2001),whereonefinds the additionalterm � �IS��	 C D �6� I � in the objective. The Ï -
propertyalsoholdsfor thiscaseandthederivationsof aboosting-likealgorithmin the
following sectionscanbeadaptedeasilyto their approach.

From Eq. (7), any mapping 4 inducessomehypothesisspace�È9Ü E� � �m�Ö�,�����9Ý#(�������W��0
' . Thuswe caneasilyreplace�6B�=�4���� I �A� by � 2�A��	Þ� � � � ��� I � in
the inequalityconstraintsof (9). We furthermoreassumethat thehypothesisspaceis
complementationclosedandcanenforce� �ÔY�o (�y9h#��������W�º0 ) withoutchangingthe
problemandgetthefollowing linearoptimizationproblem:KMLtNDQPE��¥¦ � ÍEPE�WÎ¦ � ��PE� "ËÏ�_�% 	� ��I(��	�Ð I

with � 2�A��	W� �E���(�6��IJ�QY§_�" Ð IÞ� \�9h#��������W�A)U B U 	 9G#(� (10)

which lookssimilar to theonesolvedby Arc-GV (cf. Eq. (6)).

4 Leveraging approaches

In thelastsectionwehaveobtaineda linearprogrammingformulationof theone-class
problemwhichwill now serveasabasisfor deriving aboosting-likealgorithm.Despite
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the fact that this algorithmwill not have thePAC-boostingproperty(Schapire,1990)
(andneitherof thealgorithmsdescribedbefore(excepttheAdaBoostalgorithmitself),
it worksvery similar to AdaBoost.However, beingpedanticaboutnot to confusethe
terms,wewill use“leveraging”instead.

Principally, any leveragingapproachselectsiteratively onehypothesis�n�Æ� at
a time andthenupdatesthe weight vector B , which canbe implementedin different
ways.Thereareessentiallytwo alternatives:

(i) Ideally, onesolvestheoptimizationproblemfor all hypothesesthathavealready
beenselectedin last iterations,asproposedby Grove andSchuurmans(1998),
KivinenandWarmuth(1999),Bennettetal. (2000b).

Another– greedy– approachis usedby theoriginalAdaBoost/Arc-GValgorithm:

(ii) Here,oneupdatesonly the weight of the last hypothesisselected,while mini-
mizing someexponentialcostfunction (Breiman,1997;Friedmanet al., 1998;
Masonet al., 2000; Rätschet al., 2000c). It hasbeenshown that this relates
to coordinatedescentmethods,barrier optimizationtechniques(Rätschet al.,
2000e)andto theBregmanalgorithm(Bregman,1967;Censor& Zenios,1997).

In thenext sectionwe startwith consideringexamplesfor eachof thesecategoriesfor
illustration,beforewedevelopanew method.

4.1 ß -Arc and Column-Generation for AdaBoost

Notethat the formulationin Eq. (10) is very similar to theproblemsunderlyingto Ï -
Arc (Rätschetal.,2000d)andColumn-Generation-AdaBoost(CG-AdaBoost)(Bennett
etal., 2000b).Thedifferenceis simply thatthelabel 
 I appearsasanadditionalfactor
on the left handsideof theconstraints(cf. Eq. (6)) – which we do not have available
in unsupervisedlearning.Thefirst approach– Ï -Arc – is basedon theobservationthat
theArc-GV algorithmmaximizestheminimummargin. Following theideasin Rätsch
etal. (2000d),onereformulates(10)asa min-max-problem:K~}��DQPE� ¥ � ÍEPE��Î¦ � ��PE� i_

with � 2�A�
	Þ� � � � �6� I ��% Ð I " 	à � ��I(��	�Ð I Y i_�� \^9h#(�������W�{)U B U 	 9h#��
(11)

wherewe use i_§9�_:" 	à � � �IS��	 . This hasthe advantagethat we have readily de-
fined a soft margin in the senseof Rätschet al. (2000c)on the left handsideof the
inequalities.Using the optimal valuesfor _ – chosensuchthat the Ï -propertyholds
(cf. Proposition2) – and Ð I 9 K~}S� �»oÓ�A_:" C D �6� I ��� , this margin is thengiven con-
tinually to theArc-GV algorithminsteadof therealmargin. Fromthesesoft margins,
Arc-GV computes– asbefore– theweightingof thetrainingsetto obtainthenext hy-
pothesisandcomputesits weightby minimizingacertainerrorfunction.So,Arc-GV is
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exploitedasanoptimizationtool to solve themin-maxproblem(11) for largehypoth-
esisclasses.However, it is theoreticallynot completelyclearwhetherthis approach
alwaysconvergesto theoptimalsolutionof (11).

TheColumn-Generationapproachfor AdaBoost(Bennettet al., 2000b)startswith
the dual problemof a linear program(LP) that is similar to (10) and(6) andusesa
techniquewell-known in the optimizationcommunity– ColumnGeneration.Let us
just briefly recapitulatethis algorithmandapply it to our modifiedproblem.Thedual
of (10) is (cf. AppendixB for thederivation)K~}��á PE� ¥ � âÃPE� ã

with � �IS�
	 £ I � � ��� I �äÛ ã � ��9G#(�������W�º0odÛå£ I Û 	� �Ý\�9h#��������W�A)� 2�A��	 £S�æ9 ÏÓ� (12)

whereonehasoneconstraintper hypothesisandbox constraintson ¡ in the ) di-
mensionalsimplex. Thealgorithmiteratively selectsa hypothesis4 ��� (column � ) and
constructssubsets� � 9× �� 	 ���������{�J�{'§*ç� , �¬9×#(�&�?������� , for which it solves the
problem(12) exactly, e.g.by usinga simplex method.As in theoriginal boostingal-
gorithm in eachiterationit generatesa patternweighting ¡ � , that is usedto find the
next hypothesis.From (12) it caneasilybe seenwhich hypothesisthis hasto be, to
make progress:the onewith largest � �IS�
	 £ I � � ��� I � – calledthe edge in supervised
learning(Breiman,1997). Clearly, if all hypothesishave beenadded,the problemis
solved. However, dueto the smartselectionrule andthe sparsenessof the solution,
the convergenceof this algorithm is much fasterand at somepoint thereis no hy-
pothesisleft which would changethecurrentsolution,i.e. for all �¬9�#��������W�º0 holds� �I(��	 £�IJ�����6��IJ�ZÛ ã . Thenthealgorithmis convergedto thesolutionof thefull prob-
lem. Note thatonehasto be carefulwith the definition of the primal problemin the
caseof infinite hypothesisspaces;for a regressionsettingthis hasbeenconsideredin
Rätschet al. (2000a).

Sofar, we have presentedtwo new approachesbasedon boostingtechniquesused
for supervisedlearning. The first approachhasthe advantagethat it is easyto im-
plement,however, thereis no guaranteeof convergenceto the optimal solution. The
secondapproachboastsguaranteedconvergenceandtheempirically fastperformance
(Bennettet al., 2000b),but it relies on the availability of a good LP-solver. In the
following sectionswe will proposea new methodbasedon the work in Rätschet al.
(2000e)usingbarrier optimizationtechniquesto combinebothalgorithmsandmostof
their advantages.

4.2 A One-Class Barrier Algorithm

Let usvery briefly recallsomebasicstatementsaboutbarrieroptimization.For details
seee.g.Rätschet al. (2000e)andreferencestherein.Thegoalof barrieroptimization

4For easeof notationwe will denoteby è(é thehypothesisthat is selectedin the ê -th iterationandby è�ë
the ì -th hypothesisin thehypothesisset ± . Weusethesamenotationfor thecorrespondingweightsí é andí�ë , respectively.
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is to find anoptimalsolutionof theproblemKMLtNî PSï C �6��� with ð�9h ���j�ñºò{�����QY¤oÓ�Aó
9h#��������W��ôõ'��
where

C
is a convex function over the non-emptyconvex set ð of feasiblesolutions.

This problemcanbe solvedusinga socalledbarrierfunction. The ö �?÷ -barrierfunc-
tion (cf. Cominetti & Dussault,1994; Doljansky & Teboulle,1998; Mosheyev &
Zibulevsky, 1999)is a particularusefulchoice(Rätschet al., 2000e)for ourpurposes,ø¨ù �����x9 C ������%ûú .� ò ��	 ö �?÷wü " ñºò��6���úþý � (13)

where únÙ�o denotesa penaltyparameter. By finding a sequenceof (unconstrained)
minimizersto (13), usingany sequenceof ú ’s with ús�ÿo , it canbeshown that these
minimizersconverge to a global solutionof the original problem(e.g. Cominetti&
Dussault,1994). The conditionsfor convergenceareeven morerelaxed asshown in
thefollowing

Proposition 3 (Cominetti and Dussault (1994)). Assume
C

and ñ�ò are differentiable
andconvex functions.Let � � bean ���FY¤o minimizerofø ù�� �����x9 C ������%ûú � .� ò ��	 ö �?÷ ü " ñºò��6���úJ�dý � (14)

i.e. U��� î ø¨ù � �6� � � U Û��º� . Then, for �º�&�AúJ� ���	�"�� o every limit point of  �� � '�� P�
 is a
solutionto (13).

Let usnow applythe ö �?÷ –barriertechniqueto problem(10). We getthefollowing
barrierfunctionalø ù ��_V��B^�
���m9h"ËÏ?_�% #) ��I(��	 Ð IÔ%ûú ��IS��	 ö �?÷ ü " Ð IúÖý %ûö �?÷ ü ��Iy" Ð Iú ý � (15)

where � I 9¢_�" � 2�A�
	V� � � � ��� I � . We have omitted the termscorrespondingto the
constraints U B U 	¤9Ñ# and BæY Ø as we will maintain them outsidethe barrier-
optimization.5 In order to reducethe numberof variablesto be optimized,we find
the optimal slackvariablesÐ I by minimizing (15) for a given ú , B and _ by setting�� Í ø ù 9ÆØ andsolvingfor � . We obtaina closedform solution:

Ð I��6úm��B^�A_��x9Æú������ � #F%ûö �?÷wü � Iú ý�� %ûú������x)^� (16)

which– asexpected6 – satisfies� LtKù ��� Ð I ��úm�A_��AB��x9 K~}�� �»oÓ��� I � . Notethatit is difficult

to find anexpressionfor anoptimal _ which is independentof � . As we will seelater,
thereexistsa simplewayaroundfor this problem.

5Whencomputinggradientsor proving theconvergenceof our algorithmwe substitute®3ë����  �!" �#%$ ! #'& ,
however in thealgorithmwe implementtheconstraintsby restrictingthesearchspace.

6This becomesclearby (11)andSection4.1.
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Usually, in abarrieralgorithmonewouldoptimizeall 0x%�)§%:# parametersdirectly
until thedesiredprecisionis reached(cf. Proposition3). But this requiresto know all
hypothesesin � in advance.Thus,we will proposea leveragingalgorithmthat finds
onenew hypothesis� � andits weight � � Ê �)( � in eachiteration. Thenthereis only
oneparameter, � � , to bedeterminedin eachiteration. In proving theconvergenceone
exploits thatoneneedsonly a � -minimizerfor

ø ù
. It will turnout thatthebase-learner

helpsto estimatethe b � -normof thegradient.

4.2.1 Selecting the hypothesis

Thegradientof
ø¨ù

with respectto each� � canbecomputedas7:** � � øQù ��_V��B^�
����úm�A_��AB����x9 ��IS��	 £ I � C D ��� I �3"w� � ��� I �A��� (17)

where £ I 9,+�-�.0/�1324/65�7 ù . Note that the maximumof ��98 " øQù ��_V��B^�
����úm�A_��AB���� is the
duality gapbetweentheprimal problem(15) andits dual. It is thereforealwaysnon-
positive (seeAppendixB for details).To reduce

øQù
iteratively (for somefixed ú ) one

maychoosethehypothesis�J� suchthat

�J�/9 }6: � K~}��( P6; ��I(��	 £ I ���6� I �m9=< }�: � K~}��( P6; >>>> ** �)( øQù >>>> � (18)

where � ( denotestheweight for thehypothesis� andwe have usedthecomplemen-
tationclosenessof � . This selectionrule implementsa Gauss-Southwellmethod(Lu-
enberger, 1984)on the full problem(detailsin theProofof Theorem4). Furthermore
it findsthehypothesisthatis mostresponsiblefor thesizeof thedualitygap.

Note that in supervisedBoostingtechniquesthis correspondsto minimizing the
trainingerrorusingthepatternweighting ¡ . In orderto find thebesthypothesisin the
unsupervisedsettingthescalar-productbetweentheweightvectorandthehypothesis
weightneedsto bemaximized.

4.2.2 Finding the weights

Whenthehypothesis�J� hasbeenfound, its weight � � is computed.Essentially, this
worksasin AdaBoost:B � 9 }6: � KMLONDQPSï � - D �%? & 5 ø ù �6_��
����úm�A_��AB�����B��º� (19)

whereoneusestheoptimalvaluesof � asgivenabove. Thespaceð � �6B � 1 	 � is chosen
suchthattheconstraintsU B U 	Q9h# and B¢Y!Ø arefulfilled, e.g.ð � ��B � 1 	 �m9h � B � 1 	 %Æ��#¨" � �4@ � j � �wr oJ��#�v»'��7For detailsseeLemma5 andproof of Theorem4.
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where @�� is the � -th unit vector. Here, ð � �6B � 1 	 � is a one-dimensionalsubsetof the� -dimensionalprobabilitysimplex ð � , which is definedsuchthatonecanfreelychange
thecoefficientof thecurrenthypothesisbut takescareof theconstraintsU B U 	¨9h# andB¢Y!Ø . Onemayalsochoseð � �6B � 1 	 � larger(e.g.ð � ��B � 1 	 �m9 ð � ) if theminimization
in (19) canbe implementedefficiently. This may improve the convergencespeedin
practice.However, in our analysiswe only considerthesimplercase.

4.2.3 Convergence

Thecompletealgorithmis summarizedin Algorithm 1 aspseudo-code.Thefollowing
theoremshows theconvergenceof theproposedalgorithmto thesolutionof our one-
class-LP:

Theorem 4. Suppose� is a complementationclosed,boundedand finite hypothesis
setand the baselearner � ; , whencalledby the algorithmin Algorithm 1, returnsa
hypothesisthat fulfills (18). Let ACB�DFE GHB�ECI bea functionsuch that � LtKJ �	� ú J 9 o andú J Ùpo ( Ky9�#(�{�Ó������� ). Thentheoutputof thealgorithmwill asymptoticallyconverge
to theoptimalsolutionof (10).

Sketch of Proof: The idea of the proof is as follows: We first show that the
baselearnerselectsthehypothesisthatcorrespondsto theweightwith largestgradient.
By theconvergencepropertiesof coordinatedescentmethods(in particulartheGauss-
Southwell-algorithm)we can concludethat the gradientof

ø ù
with respectto any

hypothesis-weightdecreasesfor afixed ú . If f thisgradientbecomessmallenough,ú is
decreasedanditeratively we will get ús�×o . Thenwe canapplyProposition3 for the
limiting caseandhaveshown thedesiredconvergence.

Specialcareneedsto be taken about the additionalconstraints U B U 	 9�# andB;Y�Ø , which we implementas B-9 L D ! L` D ! ` & , where j � 7 j is theelementwiseabsolute

value.Let
C D ! 9 � 2�A��	W� 7� � � andwegetthefollowing objectiveøQù �6_��AB 7 �
���+9 "ËÏ?_�% #) ��IS�
	 Ð I %ûú ��IS��	 ö �?÷Òü " Ð Iúÿý %%�ö �?÷ ü _Ô" Ð I�" U B 7 U 1 		 CED ! ����IJ�ú ý �

Thederivatives �9M3N� D ! alwaysusingtheoptimal ���6úm��_V��j B 7 j O U B 7 U 	 � caneasilybecom-
puted:

Lemma 5.* øQù �6_��AB 7 �
����úm�A_��Ej B 7 j O U B 7 U 	 ���* � 7� 9 P L � N � � 7� �U B 7 U 	 ��IS��	 � C D ! �6� I �U B 7 U 	 "s� � �6� I � � £ I �
where £ I 9 ö �?÷RQ � 1324/�- ù � ��� L D ! L 7 ` D ! ` & 5'1 ` D ! ` ? &&RS4T ! - î /�5ù U .
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Algorithm 1 The # -Class-Leveragingalgorithm

argument: Sample VÜ9[ �� 	 �������W��� � ' , No. of iterations W , ÏÅ�w�6oÓ��#��
returns: Convex combination from � .
function # -Class-Leverage �%V��
W>�&ÏÓ�
Set úwÙ¤o , _ � 9po and B � 9hrÃv
Set £ 	I 9nÏHO�) , \�9h#��������W�A)
for �39G#(�������W��W� � 9 � ��V��A¡ � �X if

��IS��	 £ � I � �Ó�º�6� I �
" C D �%? & ��� I �A�QÛ§ú do ú�9YAHB�DFE GHB�ECIJ�6ú�� endifB � 9 }6: � KMLONDQPSï � - D �%? & 5 ø ù �6B^��_ � 1 	 �_ � 9 }6: � KMLON��PE� øQù �6B � ��_?�£ ��© 	I 9 ö �?÷ ü _ � " Ð I ��úm�A_ � �AB � �/" C D � ��� I �ú ý , \^9h#(�������W�{)
endfor
return

C 9 �[Z� ��	V� ���J�
end
function

øQù ��B^�A_��
Set �~9\����úm�A_��AB�� by (16)

return "ËÏ?_�% ��I(��	 Ð I) %ûú$ö �?÷ ü " Ð Iú ý %ûú$ö �?÷ ü _Ô" Ð I " C D �6� I �ú ý
end

For the proof seeAppendixA. By duality arguments(cf. AppendixB), the edgeof
the combinedhypothesisis always greateror equalthan the bestsinglehypothesis.
By complementationclosenessof � , for sucha hypothesisthereexists a hypothesis
thathasthesameedge,but with oppositesign. Selectingthehypothesisaccordingto
(18), is thereforethesameaschoosingtheonewhoseweighthasthemaximalgradient
(which is alwaysnon-positive).

Thisshowsthatthealgorithmfor afixed ú implementsacoordinatedescentmethod
in the variablesB 7 and _ on the objective

ø¨ù ��_V��B 7 �4���6úm��_V��j B 7 j O U B 7 U 	 �A� . In each
iteration the first coordinate� � with maximal gradientand the the coordinate_ is
optimized. By standardconvergencepropertiesof thosealgorithmscf. e.g. (cf. e.g.
Luenberger, 1984)thenormof thegradientof

øQù
with respectto B:7 and _ will vanish

asymptoticallyandwill thereforebesmallerthan ú aftera finite numberof iterations.
In a sensethe base-learnerhelpsto estimatethe b]� -norm of the remaininggradient
andthesizeof thedualitygap.

By thecondition X in thealgorithm,ú is (asymptotically)decreasediff thegradient
getssmallenough.We have thereforeconstructedsequencesof B 7 and _ which fulfill
Proposition3 andhaveeventuallyproventheconvergence.

12



4.3 Examples for Base Learner

In thissectionwebriefly look atsomebaselearnersthatcouldbeusedtogetherwith the
algorithmabove. Whichof themshouldbeusedfor solvingacertainproblemdepends
of courseon theproblemat hand. It is importantto notethatour approachis general
enoughto usespecializedhypothesisclassesdesignedfor particularproblems,such
thateithertheperformanceor theinterpretabilityis asgoodasdesired.

We first considerbaselearnersthat itself are linear combinationsof somefixed
functions

5 c : �H^Q�6���x9`_� c ��	3a c 5 cS�����
Thefunctions

5 c coulde.g.bekernelfunctions,i.e.
5 c �����x9 5 �6�3��� c � , centeredaround

the trainingpatterns.8 To find theoptimalhypothesisfor someweighting ¡ , the term� �I(��	 £ I �H^Q�6� I � needsto bemaximized(cf. (18)). As � needsto bebounded,l and5 cS�Ã= � , �|9G#(�������V�cb , needto bebounded,i.e.onemaymaximizeø �6l$�+9 ��IS��	 £�IÓ� ^ ����IJ�
s.t. U l U{z 9[de� N P4f �hg

Thenext two paragraphsconsiderspecialcasesfor which particularsimplesolutions
exist.

4.3.1 Sparse Combinations (qÅ9h# )
For this casetheminimizationof

ø �6l$� hasa very simplesolution. It hasbeenshown
(Rätschet al., 2000a)thatK~}S�^ ��IS��	 £ I �H^Q��� I � s.t. U l U 	 9d#
hasthesolution a c 9ji #`k�cQ9 K~}�� c ! k�c !o otherwise

, where k c 9 � �IS�
	 £�I 5 c ����IÓ� andas-

sumingthe maximum k�cf9 K~}�� c ! k�c ! is unique. This implies that it is in this case
eventuallynot usefulto optimizea linearcombinationof functions

5 c , �y9�#(�������W�cb ,
as only one of them is selectedanyway. Instead,one would usethe much simpler��9[ 5 c j��$9G#(�������W�cby' ashypothesissetandobtainsthesamesolution.

8In Rätschet al. (2000a)theconceptof activekernelshasbeenproposedalsoknown asmoving centers
in (alsoknown asmoving centers in T.Poggio& Girosi, 1990),whereoneis even optimizing the centers
aroundwhich the kernel functionsare computed. However, then the hypothesisspacebecomesinfinite
dimensionalandoneneedsa moredeepertreatmentof primal/dualproblemsand the convergenceof the
correspondingoptimizationalgorithms(cf. Rätschetal. (2000a)).Here,werestrictusto thefinite hypothesis
case.
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4.3.2 Least Squares (q�9n� )
Undertheassumptionthat U � U T 9ldm� N P
f � for all �f�Å� , it hasbeenpointedout(Rätsch
et al., 2000e;Bennettet al., 2000b)that (18) canbe solved by minimizing the least-
squareerror betweenthe weight vectorandthe hypothesisoutput. However, usually
thisassumptiondoesnot hold. Thenonemaysolve

l 9 }6: � KMLtN^ ��IS�
	 �»£ I "s�H^Q��� I ��� T "s�3^Q��� I � T %on U l U TT �
wherewe use U l U TT asa regularizerthateffectively boundsthe b T -normof l cf. (cf.
Smola,1998).Theproblemhasasimplesolution: a c>9 	p � �IS��	 £ I 5 cS�6� I � . Thiscase
is in particularinterestingwhenusingneuralnetworkswhich linearlycombineseveral
unitsfor theoutputlayer. Thestructureof thenetwork maye.g.implementsomeprior
knowledgeabouttheproblemathand.

4.3.3 Decision Stumps

As an even simplerandthereforehighly interpretablehypothesesclass,we consider
decisionstumpsasfrequentlyusedin theBoostingcommunity, however, in a slightly
differentform:�rq¨9[ ��3s � òA�����x9 f }(NCt ����� I "wñ��
uE�Zj�ñ �õ setof possiblecuts'���ó
9G#(�������W�wv LOK ��Võ�&'
where u is theslopeparameter. Eachhypothesis� is a soft decisionstumpconsider-
ing coordinateó for splitting at position ñ . Essentially, linear combinationsof those
hypothesescandescribeboxes in input space(or subspaces,cut in directionsof the
coordinateaxes),which canbeinterpretedeasily.

5 Experiments

In thefollowing experimentswewill illustratethatouralgorithmsdowhatthey should
do – detectinganomalitiesandoutliers. As we would like to conductexperimentson
which wecanevaluatetheresultby anobjectivemeasurement,e.g.how many outliers
havebeendetectedandhow many normalpatternshavebeenclassifiedasoutliers,we
needto have labelsthatareusedfor evaluationpurposesonly.

5.1 Toy data

We begin with a toy experimentto show somebasicpropertiesof thealgorithms.The
data(cf. Figure1) havebeengeneratedfrom two uniformdistributionswith differently
sizedsupports.This leadsto a large densityof patternsin the center, andto a lower
densityin theperiphery. In thetoy model,thelatterareconsideredasoutliers.

We useddecisionstumpsof the form describedin Section4.3 with uf9yx . Fig-
ure1 showstheresultfor thebarrieralgorithm(cf. Algorithm 1) andtheCG-algorithm
describedin Section4.1. It illustrateshow the parameterÏ (from top ( ÏÆ9ÝoJ�t# ) to
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Figure1: TheOne-Classapproachusing �'�c�9� -decisionstumpsfor finding outliersof this toy problemfor
differentvaluesof � (10%(top line), 20%(middle line) and30%(bottomline)) for differentvaluesof � in
ourone-classbarrieralgorithm(first 4 columns)andfor theone-classLP (right mostcolumn).All pointsare
initially unlabeled;pointsoutsidetheregionestimatedby thealgorithmaremarkedasasterisks.Thefraction� of outliersfoundby thealgorithmsis givenbelow thefigure.

bottom( ÏM9poÓ� � )) controlsthefractionof outliers(markedasasterisks).Givenavalue
of Ï , thealgorithmshrinkstheregion to besmall,yet, to have no moreoutliersthana
fraction Ï . The resultingdecisionboundaryis a superpositionof four (soft) decision
stumps,yielding a readily interpretableresult: it canbe translatedinto simple rules
characterizingnormalityandnovelty, outlieror exceptionalevent.

Furthermore,we show snapshotsof the barrier-algorithmat certainlevelsof ú atú�9\x|=�#�o�1 T , #�oC1 T , #�o�1�z and #�o�13| . It shows thatfor ú��åo theoutputof ourbarrier-
algorithmconvergesto theoutputof a linearproblemsolver (we usedCPLEX) on the
right-most.Note,thatin somecasestheresultof thebarrier-algorithmfor someúsÙ�o
describesthedataintuitively better– e.g.thecaseú�9 #�o�1�z and Ïõ9GoJ� � looksa bit
moreappropriatethantheLP solutionfor Ïw9XoJ� � . We conjecturethat this is dueto
theimplicit regularizationpropertiesof thebarrierapproach.9

5.2 Experiment on USPS database

In a third experiment,we utilized the USPSdatabaseof handwrittencharacters.As

basehypothesissetweuseRBFkernelfunctions
5 ���3�A� I �m9!ö ��÷�� ` î 1 î / ` a�]� ze� Tw����� centered

aroundthetrainingpatterns,whichhasbeenshown usefulin severalindependentstud-
iescf. e.g.(cf. e.g.Scḧolkopf, 1997).Figure2 shows a plot of theoutputson training

9By thedualof thebarrieroptimizationproblem(15) given in AppendixB, oneseesthatfor �y«Å­ one
is forcing the distribution vector � to have a small relative entropy to the uniform distribution (cf. Rätsch
etal. (2000e)for somemoredetails).Notethat,differently from theCG-approach(which is favoring sparse
patternsweights� ), thebarrierapproachtriesto avoid thissparsenessby usinganexponentialform(cf. (21)).
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Figure2: Experimentson theUS postalserviceOCRdataset.Recognizerfor digit ­ ; outputhistogramfor
theexemplarsof ­ in thetraining/testset,andon testexemplarsof otherdigits. The   -axisgivestheoutput
values,i.e. the argumentof the ¡£¢¥¤�� in thedecisionfunction. For �ÉÂ¦��­e� (left), we get �e�9� �e� outliers
(consistentwith Proposition2), �e�9� ��� true positive testexamples,andonly one falsepositive from the
“other” class,i.e. theotherdigits. For � Â��e� (right), we get ��� �e� outliers. In thatcase,thetruepositive
rateis improved to ��¾9� ¾e� , while the falsepositive rateincreasesto ¶
�9� ��� . The thresholdª is marked in
the graphs.The plots show a Parzenwindows densityestimateof the outputhistograms.In reality, many
examplessit exactlyat thethresholdvalue.

andtestsetsof theUSpostalservicedatabaseof handwrittendigits. Thedatabasecon-
tains §���§�¨ digit imagesof size #]©¬��#9©Ò9ç��ª6© ; the last �(o(o¬« constitutethe testset.
We fed our algorithmwith thetraining instancesof digit o only. Testingwasdoneon
bothdigit o andon all otherdigits. As shown in Figure2, ÏÅ9­ª(o¬® leadsto onefalse
positive (i.e. eventhoughthe learningmachinehasnot seenany non-o -s duringtrain-
ing, it correctlyidentifiesalmostall non-o -sassuch),while still recognizingx¬�Ó�¯«�® of
the digits o on the testset. Higher recognitionratescanbe achievedusinga smallerÏ : for Ï�9°ª¬® , we get §��Ó� �¬® correctrecognitionof digits o on the testset,with still
a fairly moderatefalsepositive rateof #]�J�¥«�® . Similar experimentshave beendonein
Scḧolkopf et al. (1999)for the1-SVM, with similar results.

5.3 Model Selection

A seriousproblemin the one-classapproachis how to selectthe model. Note that
commonlyusedmodel-selectionalgorithms,suchas cross-validation,are not easily
applicableto theone-classproblem.First onehasto find anappropriatebase-learner.
This mightbethesmallerproblem,asonecanoftenderivea specializedalgorithmfor
certainproblems(e.g.RBF kernelsin OCR).Furthermoreonehasto find theoptimal
parameterÏ . Dueto themeaningof Ï onemayalreadybeableto infer theoptimal Ï
for theproblemat hand:set Ï to theestimatedfractionof outliersin thetrainingdata.
However, in somecaseseventhis fractionmightbeunknown. For thiscasewepropose
asimpleheuristicsthatmayhelpto find anappropriateÏ .

The ideais asfollows: For any Ï , theone-class-classifierwill find somedecision
irrespectively of thequalityof separationbetweentheone-classandtheotherpatterns.
Intuitively, agoodseparationis achieved,if theseparationis veryclear, i.e. thedistance
betweentheclassesis large. We proposeto useexactly this intuition asa criterionfor
model-selection.For a given Ï onemeasuresthe averageoutputof the classifierfor
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Figure3: Digit “1” againsttheothers:On a datasetwith 1005“1”-
digitsand120randomlysampledotherdigits,theone-class-LPclas-
sifier wasapplied. The separationdistancé¶µ (left) andthe error
rateof misclassificationona labeledtestset(right) for differentval-
uesof � is shown. The maximumin the separationdistancecoin-
cideswith theminimumin thetest-error.
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Figure 4: Data set with 1005 “1”-
digitsanddifferentfractions(x-axis)
of randomly sampledother digits:
The dashedgraph shows the � se-
lected by our maximum-separation
criterion. Thesolid graphshows the� thatminimizesthetest-error.

bothclassesandselectsthe Ï which separatedbothclassesbest.
To illustratethis idea,weconductanexperimenton theUSPSdataset(cf. lastsec-

tion), wherewe separatedigit “1” againstthe rest. For training we usethe 1-digits
and additionally include different fractions ¸Ü9+#�®��������W�&��ª�® of the other digits.
For eachof thesedatasets,we computethe one-class-LP(9) for differentvaluesofÏ .10 For eachÏ we computetheseparationdistances:¹ à 9 	� ? � S T - î 5'º � CED �����x"	� ¦ � S T - î 5'» � C D ����� (where)É© and ) 1 aretherespectivenumberof patternsin each
of theclasses)andchosethe Ï��§�»oÓ��#�� with largestseparationdistance.In our exam-
ple the maximumis very distinct (cf. Figure3 left) andcoincidesvery well with the
minimumin thetesterror(cf. Figure3 right andFigure4). In somecasescharacterized
by averysmallgapbetweenin- andoutliers,we observedthatthemaximum¹ à is er-
roneouslyachievedfor Ï:�ÿ# or Ï:��o . This is to beexpectedasourmodelselection
heuristicassumesaclearseparationbetweenin- andoutliers.

6 Conclusion

WehavestudiedthecorrespondencebetweenSVMsandboosting-likemethods.Essen-
tially, they bothwork in very high-dimensionalfeaturespaces.They differ, however,
in how they dealwith thealgorithmicproblemsthat this cancause.Onecanthink of
boostingasa SV approachin a high dimensionalfeaturespacespannedby the basis
hypothesis.The problembecomestractablesinceeffectively a 1-normregularizeris
used.This inducessparsity, hencewe never really work in the full space,but always
in a small subspace.Vice versa,onecanthink of theSVM asa “boosting” approach
in a high-dimensionalspace. In SVMs, we usethe kernel trick and thereforenever

10Goodoptimizationpackages(e.g.CPLEX) have thevery usefulfeaturethatoneallows oneto change
coefficientsin theobjective function(in ourcase� ) andto obtainanupdatedsolutionwith low computational
effort.
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explicitly work in thefeaturespace.Therefore,SVMs getaway without having to use
1-normregularizers;indeed,they couldnot usethem,asthekernelonly allows com-
putationof the b T -normin featurespace.Both methodsleadto sparsesolutions,either
in sample(coefficient)space(SVMs),or in featurespace(boosting),andbothmethods
areadaptedto algorithmicallyexploit theform of sparsitythey produce.

Besidesproviding insight, this correspondencehasconcretepracticalbenefitsfor
designingnew algorithms.We have employed it to devisea leveragingalgorithmfor
novelty detection.Thenew algorithmcombinestheideasandbenefitsof Ï -Arc andthe
column-generationalgorithmfor Boosting.It convergesasymptoticallyto thesolution
of a linearprogramsimilar to the1-SVM program.

In experimentswehaveshown thepromiseof anew researchdirectionin boosting:
unsupervisedlearning. The focusof our contribution is to be seenon the theoretical
andconceptualside. On the practicalside this paperhasconductedexperimentson
both: toy dataandreal-world OCRdata,to demonstratetheproofof concept.Otherin-
terestingreal-world one-classapplicationsaree.g.thechallengingsplice-sitedetection
problemon DNA (cf. Salzberg (1997),Rätsch,Jagota,andMüller (2000b)).

Futuretheoreticalresearchwill bededicatedto incorporateprior knowledgeto ob-
tain one-classalgorithmsthat are eventually faster, better, more general,and easier
to understandand interpret. In particularthe extensionof our algorithmsto infinite
hypothesisclassesandthederivationof moretheoreticallymotivatedmodel-selection
methodsfor theone-classclassificationproblemarechallenging.
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A Proof of Lemma 5

Proof: It holds#) ö �?÷wü Ð IW��úx��_V��B 7 �ú ý 9h#F%ûö �?÷Òü _É" U B 7 U 1 		 CED ! �6��IJ�ú ý �Õ\^9G#(�������W�{)^� (20)

We have* øQù �6_��AB 7 �
����úm�A_��AB 7 �A�* � 7� 9#) ��IS��	 * Ð IW��úm�A_��AB:78�* � 7� " ��I(��	 * Ð IW�6úm��_V��B:78�* � 7� ö ��÷wü " Ð IW�6úm��_V��B:78�ú ý%½¼ * Ð I ��úx��_V��B 7 �* � 7� % * U B 7 U 1 		 C D ! ��� I �* � 7� ¾ ö �?÷ ü _Ô" Ð I ��úx��_V��B 7 �/" U B 7 U 1 		 C D ! ��� I �ú ý
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andby (20)we get* Ð I ��úm�AB 7 �A_��* � 7� 9 " � ` D ! ` ? && S4T ! - î / 5�98 !" ö �?÷¿Q � 1 ` D ! ` ? && S4T ! - î / 5ù U#F%sö �?÷ Q � 1 ` D ! ` ? &&RS T ! - î /�5ù U
9 ">) * U B 7 U 1 		 C D ! �6� I �* � 7� ö �?÷ ü _Ô" U B 7 U 1 		 C D ! �6� I �/" Ð Iú ý �

Pluggingin yields:* øQù ��_V��B:7 �
�W�6úm��_V��B:78�A�* � 7�9 ��IS��	 * Ð I ��úm�A_��AB 7 �* � 7� � #) "Òö �?÷ ü " Ð I ��úm�A_��AB 7 �ú ý "w£�I � " ��IS�
	 * U B 7 U 1 		 C D ! �6� I �* � 7� £�IÞ�
9 " ��IS��	 * U B 7 U 1 		 C D ! ��� I �* � 7� £�I � ��"Ò)dö ��÷ ü " Ð I �6úm��_V��B 7 �ú ý "w)�£�I �9 " ��IS��	 * U B:7 U 1 		 C�D ! ����IJ�* � 7� £�IM9 P L � N � � 7� �U B 7 U 	 ��IS��	 � U B 7 U 1 		 CED ! ����I��/"w�?������I����Ã£�IW�

whereweused(20)in thesecondlastline, � ` D ! ` ? && S4T ! - î / 5�98 !" 9 P L � N � � � � ( " - î / 5'1 ` D ! ` ? && S0T ! - î / 5` D ! ` &
in thelastline andhaveset £ I 9 ö ��÷RQ � 1324/�- ù � ��� D ! 5'1 ` D ! ` ? &&RS T ! - î /�5ù U .
B Primal/Dual problem and the Duality Gap

Let usstartwith thefollowing problem(set ú��åo for thecorrespondingLP):KMLtN ã %ûú ��IS��	 £�IW�������x£�I�"¤#���%û��IW�%�����x��I�"¤#��
s.t. £ k)À 9pÏÓ��£ I %û� I 9 #)g k ¡sÛ ã À �

wherewe use
g I�� 9Æ� � ��� I � for simplicity. TheLagrangianfor this problemisÁ � ã �{¡x�AB^��_?�+9 ã %sú ��I(��	 £�IW�%�����Z£�I�"!#���%§��IW�%�����F��Iy"�#E��%% _Þ�»Ï�"Ò¡ k À ��%Â� k �6¡¬%¦Ã¬" #) À ��%ûB k � g k ¡�" ã À �

s.t. B-YdØ . Settingthederivativeswith respectto theprimal variablesto zero,yieldsU B U 	 9h# andtwo non-linearconstraint-sets£ I 9Æö �?÷ � _É" Ð I " g I Bú � and � I 9 ö �?÷ � " Ð IúÄ� � (21)
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Pluggingin
g I B 9 _É"Òú������x£ I " Ð I and Ð I 9G"¨ú������x� I :Á � ã �A¡F��B^��_V�4�J� 9 ú ��IS��	 £ I �������x£ I "¤#���%§� I �%�����x� I "¤#���%û_Þ�»Ïy"w¡ kÅÀ �
"">¡ k �6ú������x¡¬%Â�y"Ò_ À ��%Â� k �6¡f%ÆÃ¬" #) À �9 Ï�_É" #) � k À "õú�¡ kÅÀ "ÒúÇÃ k)À �

andwe getthedualprogramK~}�� Ï�_�" #) � k À "õú ��I(��	 ö ��÷ ü _É" Ð I " g I Bú ý %sö ��÷ ü " Ð Iú ý
s.t. BçY¤Ø�� U B U 	¨9d#��

which is thesameasstatedin (15).
The duality gap,i.e. the differencebetweenprimal anddual objective, at optimal

(andfeasible)¡ , Ã and
ã 9 K~}�� � � I £�I g I�� is givenby:

GAP 9 ú ��I(��	 £ I �%�����x£ I "�#E��%û� I �%�����F� I "�#E��% ã "wÏ?_|% #) � k À %ûú ��IS��	 £ I %�� I9 KM}S��A��	 � �¥�¥� � 2 � I £ I � g I�� " g I B��QY�oJ� (22)

C Notation

We usethefollowing notationalconventions:\3�A) counterandnumberof patterns���º0 counterandnumberof hypotheses,dimensionalityof 1���
W counterandnumberof iterations� input space, © spaceof non-negativerealnumbers�3��
 a trainingpatternandthelabel���{� � setof basehypothesesandanelement1 featurespaceB hypothesisweightvectorÐ I the“slack-variable”for pattern� IC D
ancombinedhypothesisusingtheweighting B¡ weightingon thetrainingsetÏ thequantileparameter(determinesthenumberof outliers)_ themarginú barrierpenaltyparameterU = U z the b z -norm, qÅ9Gr #��&usv5 �Ã=O��= � scalarproductin featurespace1
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