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Abstract

A common way of image denoising is to project a noisy imagéécstub-
space of admissible images made for instance by PCA. Hoyeeweajor
drawback of this method is that all pixels are updated by tlogeption,
even when only a few pixels are corrupted by noise or occatusiée pro-
pose a new method to identify the noisy pixelshynorm penalization
and update the identified pixels only. The identification apdating of
noisy pixels are formulated amelinear program which can be solved
efficiently. Especially, one can apply thetrick to directly specify the
fraction of pixels to be reconstructed. Moreover, we extdrallinear
program to be able to exploit prior knowledge that occlusioften ap-
pear in contiguous blocks (e.g. sunglasses on faces). Tsie idea is
to penalize boundary points and interior points of the odetuarea dif-
ferently. We are able to show theproperty also for this extended LP
leading a method which is easy to use. Experimental resafisgssively
demonstrate the power of our approach.

1 Introduction

Image denoising is an important subfield of computer visiamch has extensively been
studied (e.g[2,16.11]9]). The aim of image denoising is &iare the image corrupted by
noise as close as possible to the original one. When one aadswne any prior knowl-
edge about the distribution of images, the image is ofteroided by simple smoothing
(e.g.[2[1]). When one has a set of template images, it iepabfe to project the noisy im-
age to the linear manifold made by PCA, which is schematidiistrated in Fig[l (left).
One can also construct a nonlinear manifold, for instanckdmgel PCA, requiring addi-
tional computational cost5l[6]. The projection amountsnidifig the closest point in the
manifold according to some distance. Instead of using iredstrd Euclidean distance (i.e.
the least squares projection), one can adopt a robust lebsasuHuber’s loss as the dis-
tance, which often gives a better result (robust projed®pn However, a major drawback
of these projection approaches is that all pixels are updayethe projection. However,
typically only a few pixels are corrupted by noise, thus maise pixels should best be left
untouched.

This paper proposes a hew denoising approach by lineargroging, where thé;-norm
regularizer is adopted for automatic identification of ggigxels — only these are updated.
The identification and updating of noisy pixels are neathyrfolated as one linear program.
The theoretical advantages of linear programming lie iditjuand optimality conditions.
By considering both primal and dual problems at the same time can construct effective
and highly principled optimizers such as interior point hzgts. Also, the optimality con-
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Figure 1: Difference between projection methods (left) and our LPhoét(right).
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ditions enables us to predict important properties of théwad solution before we actually
solve it. In particular, we can explicitly specify the framt of noisy pixels by means of the
v-trick originally developed for SVM< 8] which was later djgal to Boostingl[7].

In some cases the noisy pixels are not scattered over theeirfiagpulse noise”), but
form a considerably large connected region (“block noise’y. face images occluded by
sunglasses. By using the prior knowledge that the noisyigpfwem blocks, we should be
able to improve the denoising performance. Several ad-fatbads have been proposed
so far (e.g.[[B]), but we obviously need a more systematic Weg will show that a very
simple modification of the linear program has the effect thatcan control how block-
shape like the identified and reconstructed region is. Irettperimental section we will
show impressive results on face images from the MPI facelthga corrupted by impulse
and block noises.

2 Image Denoising by Linear Programming

Let {t;}7/_, be the set of vectors iit"Y, which have been derived for instance by principal
component analysis. The linear manifold of admissible iesag described as

T={tIt=3" Ait;0 R}

Now we would like to denoise a noisy images R". Let us describe the denoised image
asz. In order that the denoised imagds similar to admissible images,should be close

to the manifold: ;
n%in dq (:E, ijl ﬁjtj) <€y, @)

whered; is a distance between two images. Also, we have to constréirbe close tae,
otherwise the denoised image becomes completely indepefide the original image:

do(Z, ) < €3, 2

whered, is another distance. A number of denoising methods can lhipedl by choosing
different distances and changing how to minimize the twoeting objectived 1) anffl(2).
In projection methods;; is simply set to zero angb is minimized withds being set to the
Euclidean distance or a robust loss.

A Linear Programming Formulation  Our wish is that most pixels af stay unchanged
in &, in other words, the difference vectar= & — x should besparse For this purpose,
ds is chosen as th@ -norm, as it is well known that thg -norm constraints produce sparse
solutions (e.g.[l7]). Also fot,, the/.,-norm is especially interesting as it leads to linear
programming. We design the optimization problem as foltows

J
min HiL‘ + o — Zj:l ﬁjtj

a,B

. 3
el < C, (4)



where||z|| o = max; |z;|, ||| = Zﬁvzl |a;| andC is a constant to determine the sparse-
ness, i.e. the solutioax tends to become more sparse(aslecreases. Geometrically, this
optimization problem is explained as Hig. 1 (right). The stoaint [3) keep within the
¢1-sphere centered an. The optimization finds a point in the sphere, which is closes
the linear manifold. As a side effect, we have another smfu; 3;¢; on the manifold.

We call the former the “off-manifold solution” and the latten-manifold solution”. Here,
we are mainly concerned with the off-manifold solution, dese of the sparsity.

Let us actually formulatd]3) as a linear programming probl# is equivalent to

1 N
PR > DR ©

<e¢ n=1,...,N,

J
Tn + Qp — Zj:l ﬁjtjn

wherev is a regularization parameter. Still this problem is no¢inprogramming because
of |a,| in the objective function. Next let us restateas follows:

a=at—-a”, of,a, >0, n=1,...,N.
Then [®) is rewritten as the following linear programminglpliem:
1 N
. + —
qmin Ty e an) e (6)

J

at,ar >0, |z, +al —a, —Z. Bitin| <€, n=1,....,N.(7)
Jj=1 -

Here we used the well known fact that eithel or o, is zero at the optimum.

The v-Trick  In the above optimization problem, the regularization ¢antss should
be determined to control the fraction of updated pixelserestingly,v has an intuitive
meaning as follows: LeiV, denote the number of nonzero elementsvinFurthermore
let N. be the number of “crucial pixels” which are not updated, g torresponding
constraint constraint§l(7) are met as equalities. If onénese pixels is modified, then it
will likely lead to a different solution, while changing anythe otherN — N, — N, pixels
locally does not change the optimal solution.

Proposition 1. Suppose the optimal is greater than0. Then the number of nonzero
elementsV, in the optimala is

1. upper bounded byN, i.e. N, < vN and
2. lower bounded by N — N, i.e.N, > vN — N..

The proofis a special case of the one of Proposition 2 andidedn The slack in the bound
only comes fromV.. In practice we usually observed small values\af We suspect that
its value is related to’ — the number of basis vectors.

In terms of images, one can bound the anticipated fractioisie pixels by. In contrast,
the constant in @) specifies the sum of noise magnitudes, which is in paaather
difficult to figure out.

3 Dealing with Block Noises

Preliminaries When noises are clustered as blocks, this prior knowledgensidered
to lead to an increased denoising performance. So far wal@nly control the number
of modified pixels which corresponds to the area of reconsbm. In this section we also
consider the length of the boundary of the identified pixets.instance, consider the three
occlusion patterns in Figufg 2. The pixel is white, when itisntified as noisy/occluded
and black otherwise. In the first case (left) the occlusiomfa block, in the second case
the letters “Ip” and in the third case the pixels are randodidyributed. The covered area
is the same for all three cases.
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Figure 2: Three occlusion patterns with different degrees of havibtpek shape.

We will now define two measures of how much an occlusion pattésmatcheshe block
shape. Itis related to the length of the boundary. Note thttml “block” shapes have
shortest boundaries. (It depends on the metric what willgieral.)

The idea is to define a neighborhood relat@mMm) C {1,..., N} for every pixeln. We
say that the pixehn is in the neighborhood of, if m € G(n) We assumes is sym-
metric. We distinguish between two types of penalt|es firet ones which occur when
a reconstructed pixel is a neighbor of an untouched pixedt(i‘hﬂary point”) and second,
if a reconstructed pixel is neighbor of another such pixet,the corrections are in differ-
ent directions (“inversion point”, e.gv, > 0 anda,, < 0). We have two definitions for
our scores, which we will later relate to the solution of oxreaded linear program. The
differences between the two scoigs and. S+ are only in subtle details in how to count
boundary points and inversion points:

Let N, be the number of pixels which satisfy: (a), = 0 and there exists: € G(n)
such thatv,, # 0 or (b)«,, # 0 and forall m € G(n) holdsa,,, = 0 (boundary point). Let
N, be the number of pixels with o, v, < 0 for at least onen € G(n) anday oy, < 0
for allm € G(n) (inversion point). The first score is computed$¥s := N, + 2N

Let le be the number of pixels which satisfy: (ayv,, = 0 and there exists» € G(n)
such that,, # 0 or (b) v, # 0 andanya,,, = 0 (m € G(n)). Let N;" be the number of
pixelsn with a, v, < 0 for at least onen € G(n). Then the second score is computed as
Sti= N +2N;.

The Extended LP The question is how we can introduce these definitions intoeaf
program, which somehow penalizes these scores. As we wilV #the following propo-
sition, it turns out that it is enough to penalize the differes between neighborinds. We
introduce a new set of variables (th&) which account for these differences and which
are linearly penalized. We control the contribution of tfie with the one of thex's by
introducing a new parametare (0, 1) —if A = 0, then the original LP is recovered:

. A
"/>orgl?>0.ﬂ N Z ’Yn + N Z |an| e ®)

Tn + o — Zj:l ﬁjtj,n

lan — am| <n forallm e G(n)

<e¢ foralln=1,...,N

We will show in the experimental part that these novel caists lead to substantial im-
provements for block noises.

The analysis of this linear program is considerable morfecdif than of the previous one.
However, we will show that the-trick still works in a generalized manner with some
subtleties. We will show in the following Proposition tha l{8) trades-off the ared,

with theboundary penalties— andS:



Proposition 2. Let V. the number of crucial pixels and¥,, the number of updated pixels
(as before). Assume the optimedé greater0. Then holds:

1. Thei-weighted average between area of the occlusion and $toiie not greater
thanvN,i.e.(1 — A\)N, + AS~ <vN

2. 1f X < #‘G‘ then thel-weighted average between area of the occlusion and
scoreS™ is not smaller thanv N minusO(N.), i.e.
(1 =ANN, +AST >N — N.(1+ A|G| = N),
where|G| := max,, |G(n)|

Note that the additional correction tetii.(1 — X) + AN.|G| now has two parts: The first
term takes the crucial examples into account (as beforedpdgition 1) and the second
term depends on the maximal size of the neighborhood&|if= 0, then the proposition
and the optimization problem would be equivalent to the joevone. Note that the re-

striction A < #IGI only concerns the second part and and not the functioningeof P in
practice. It can be made less restrictive, but this goestmkifte scope of this paper.

Due to space limitations we have to omit the proof. It is foumd technical report, which
can be downloaded frofmtp://ida.first.fhg.de/"raetsch/FaceTR.pdf .

4 Denoising by QP and Robust Statistics

A characteristic of the LP method is that the-norm is used ad,. But other choices are
of course possible. For example, when the squared loss [gedlasi,, the optimization
problem [B) is rewritten as

1 N

. J 2
iy 2,y (o0 on =300 Aot ) +vlel ©

This is a quadratic program (QP), which can also be solvedtdnydard algorithms. In
our experience, QP takes longer time to solve than LP andeheising performance is
more or less the same. Furthermore thtgick does not hold for QP. Nevertheless, it is
interesting to take a close look at the QP method as it is meleged to existing robust
statistical approaches |2, 9]. The QP can partially be sbhralytically with respect te:

S -5 ). w0

wherep is the Huber’s loss
| — M2 otherwise

p(t) =

Thus, the on-manifold solution dfl(9) corresponds to theusblprojection by the Huber’s
loss. In other wordsg is considered as a set sifack variablesn the robust projection. It
is worthwhile to notice another choice of slack variablespmsed inl[2]:
. 1 N J 2 1
wip 530 e =30 Bta) g )
0<z, <1, n=1,...,N.

Here the slack variables are denotectawhich is called theutlier procesg2)]. Notice v
is a regularization constant. Let us define= z,, — ijl Bjtin. Thenthe inside problem

with respect toz,, can be analytically solved, and we have the reduced probéem a
. N J
min anl hy (:Cn - Zj:l ﬁjtjn) (12)

whereh, (t) is again the Huber's loss functioh., (t) = % + 3 if [t] <~y and|t]if [t| > 7.
The outlier process tells one which pixels are ignored, bdbes not directly represent
the denoised image. From the viewpoint of denoising, owkslariablesce seem to make

more sense.

t2 Nv Nv
{ N o, T3 Sts



5 Experiments

We applied our new methods and the standard methods to thddd®Idatabasél[8] 4].
This dataset has 200 face images (100 males and 100 fematespeah image is rescaled
to 44x64. The images are artificially corrupted by impulse and biogises. As impulse
noises, 20% of the pixels are chosen randomly and set to (bl&ck noises, a rectangular
region (10% of the pixels) is set to zero to hide the eyes. We Hie same position for
all images, but the position of the rectanglenst known to our algorithm. The task is to
recover the original image based on the remaining 199 im@ge$.0.0. cross validation).

Our linear program is compared against the least squarg¢scfiom and the robust pro-
jection using Huber’s loss (i.e. the on-manifold solutidrQd). One could also apply the
non-convex robust losses for better robustness, e.g. Bikéyeight, Hampel, Geman-

McClure, etcl[2]. On the other hand, we could also use theaumvex regularizers which

are “steeper” than thé,-norm for greater sparsity¥|[5]. However, we will not tradeneo

vexity with denoising performance here, because localmméndften put practitioners into
trouble. As a reference, we also consideidaalisticdenoising method, to which we give
the true position of noises. Here, the pixel values of nositons are estimated by the
least squares projection only with respect to the non-nmmigds. Then, the estimated pixel
values are plugged back into the original image. The lineamifold is made by PCA from

the remaining 199 images. The number of principal compaisndetermined such that
the idealistic method performs the best. For impulse anddahmise images, it turned out
to be 110 and 30, respectively.

The reconstruction errors of LP and QP for impulse noiseslaog/n in Fig[}#. Here, the
reconstruction error is measured by thenorm between the images. Also an example of
denoising is shown in Figl 3. Both in LP and QP, the off-madifeolution outperforms

c: least squares d: Off-Manifold

a: original image proj. (702) v=0.4 (454)
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Figure 3: A typical result of denoising impulse noise. (a) An origifate image. (b) The image
corrupted by impulse noise. (c) Reconstruction by the leqsares projection to the PCA basis. The
number in () shows the reconstruction error. (d) Reconstruction by théoff-m.) wheny = 0.4.

the on-manifold one, which confirms our intuition that it ieetive to keep most pixels
unchanged. Compared with the least squares projectionjffeeence is so large that one
can easily see it in the reconstructed images [Fig. 3). Nipttie off-manifold solutions of
LP and QP (cf. the solid curves in FIg. 4, left and right) perfed significantly better than
the on-manifold solution of QP, which corresponds to theusblprojection using Huber’s
loss (cf. the dashed curve in FIg. 4 right).

800
80 . o

- - |
xiwﬁ-.ﬁ
- -

f z

- §
I :
vl T

700 7005

600! 600

500! 500

400 400

300! 300

-2 -18 -16 -1.4 -12 -1 -08 -06 -04 -0.2

02 03 04 05 06 07 08 09
v logov

Figure 4: Reconstruction errors of LP and QP methods for impulse ndise solid and dashed lines
corresponds to the off-manifold and on-manifold solutio$e flat lines correspond to the least
squares projection and the unrealistic setting where thecpositions of noises are given.
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Figure 5: Reconstruction errors of the LP method for block noisesigure 6: Illustration of Prop. 2:
(Left) the reconstruction error of the “plain” LP, where thieck For A = 0.15 we compute the
constraints are not taken into account £ 0). The right plot lower and upper bound ofN for
shows the improvement for increaskdnd fixedv = 1/2. differentuv’s.

The results for block noises are shown in Elg. 5, where weneayairaged over the 200 faces
(using l.o.0. cross validation for the construction of tl@basis). In the left figure, we
measure the reconstruction error for variotsswith fixed A = 0, i.e. the block constraints
are not taken into account. As in the case with impulse nafseerror is smaller than
that of the least squares regression (PCA projection), lmadiinimum is attained around
v = 1/2. Moreover, we investigated how the error is further redumgthcreasing\ from

0. As shown in the right figure, we obtain a significant improeat. Actually, there is
not much room for improvements, since even the idealiste eghere the position of the
occlusion is know is not much better.

An example of reconstructed images are shown in[Hig. 7. Herbave shown variables
o and~y as well. When\ = 0, nonzeroa’s appear not only in occluded part but also
for instance along the face edge (HI§. 7:e). Wher- 1/2, nonzeroa’s are more con-
centrated in the occluded part, because the block contstrsuppress a isolated nonzero
values (Fig[D7:h). In Fidd7:i, one can see high in the edge pixels of occluded region,
which indicates that the block constraints are active fosépixels.

Finally we empirically verify Proposition 2. In Fifi] 6 we pilthe lower and upper bound of
v as given in Proposition 2 for different values:af Observe that the difference between
lower and upper bound is quite small.

6 Concluding Remarks

In summary, we have presented a new image denoising metised loa linear program-
ming. Our main idea is to introduce sparsity by detachingsiblation slightly from the
manifold. The on-manifold solution of our method is relatedexisting robust statistical
approaches. Remarkably, our method can deal with blocleaaishile retaining the con-
vexity of the optimization problem (every linear prograntanvex). Existing approaches
(e.g. [9]) tend to rely on non-convex optimization to inatuithe prior knowledge that the
noises form blocks. Perhaps surprisingly, our convex aggr@an solve this problem to a
great extent. We are looking forward to apply the linear paogming to other computer
vision problems which involve combinatorial optimizatj@ng. image segmentation. Also,
it is interesting to explore the limitations of convex opiation, since — naturally — convex
optimization cannot solve every problem. Neverthelesspiating to our experience in this
work, we feel that the power of convex optimization is notyff@xploited.

Finally, the data used for the shown experiments will be nmadslable for download at
http://ida.first.fhg.de/raetsch/FaceData
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c: least squares d: Off Manifold
a: original image b: noisy image proj. (1512)

A=0 (1106)

f: Off Manifold g: On Manifold
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Figure 7: A typical result of denoising block noises & 0.5). The numbers in-{ in (c),(d),(f),(g)
show the reconstruction errors. The image (d) shows theisiagaesult when the block constraints
are not taken into accounk (= 0, v = 1/2). This result improves by imposing the block constraints
(A =1/2,v = 1/4) as shown in (f) and (g), which are the off and on-manifoldiohs, respectively.
The images (e),(h) and (i) show the parameter values oltaiaghe result of linear programming
(see the text for details).
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